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Mushy-Zone Rayleigh Number to Describe Macrosegregation
and Channel Segregate Formation during Directional 
Solidification of Metallic Alloys

S.N. TEWARI, R. TIWARI, and G. MAGADI

A recently defined mushy-zone Rayleigh number (RaM) that includes side-branching contributions to
the mushy-zone permeability has been examined for its correlation with the longitudinal macrosegre-
gation and channel segregate formation. The Rayleigh number shows (1) a strong correlation between
the extent of longitudinal macrosegregation and increase in the mushy-zone convection and (2) a good
ability to predict the formation of channel segregates during directional solidification.

I. INTRODUCTION

DIRECTIONAL solidification of alloys, such as hypoeutec-
tic Pb-Sn or Pb-Pb, where solute enrichment causes a reduced
melt density, in a positive thermal gradient, with melt on top
and solid below, produces a density inversion in the melt, both
in the mushy zone and in the overlying liquid immediately
ahead of the dendritic array tips. This causes convection that
produces macrosegregation along the sample length;[1,2] when
severe, it also produces channel segregates (or freckles).[3–13]

Based on the measurements of dendrite specific surface area
(Sv) in the quenched mushy zone of directionally solidified Pb-
Sb and Pb-Sn alloys, we recently reported[14] that Sv � �1

�1

S*�0.33 (3.38 � 3.29� � 8.85�2), where �1 is primary dendrite
spacing, � is fraction interdendritic liquid, and S* � DlGeff /
[VmlCo (k � 1)/k], with Dl being solutal diffusivity in the melt,
Geff, the effective thermal gradient, V, the growth speed, ml,
the liquidus slope, Co, the solute content of the melt, and k
the solute partition coefficient. Incorporation of the above Sv

dependence into the Kozney–Carman permeability (�) of a
porous bed, � � �3/4.2 S 2

v (1 � �)2,[15] yielded a relationship
that describes the processing parameter dependence of mushy-
zone permeability during directional solidification. Using this
permeability, a mushy-zone Rayleigh number, RaM, was defined
following the procedure described by Beckermann et al.[16]

Since convection is known to be localized in the immediate
vicinity of dendrite tips,[17] it was assumed[14] that the Rayleigh
number calculated in the mush at a distance equal to 30 times
the dendrite tip radius can be used to represent convection in
the mushy zone. The tip radius and spacing of primary den-
drites used in these calculations were those predicted by the
model attributed to Hunt–Lu.[18] In a recent publication,[14] it
was demonstrated that RaM, which includes side-branching
contribution to the mushy-zone permeability, shows a marked
improvement in correlating the extent of primary spacing
decrease with increasing convection as compared with RaB,
the Rayleigh number used by Beckerman et al.,[16] which used
a different permeability relationship.

An appropriately defined mushy-zone Rayleigh number must
be able to describe three important experimental observations.
It should be able to correlate the extent of natural convection
with the experimentally observed reduction in primary dendrite
spacing;[19–21] it should be able to relate the intensity of mushy-
zone convection during directional solidification and the result-
ing longitudinal macrosegregation;[1,2] and it should be useful
in predicting the onset of channel segregate formation.[3–13] The
purpose of this article is to demonstrate that RaM describes the
extent of longitudinal macrosegregation and predicts the onset
of channel segregate formation better as compared with RaB,
even though the only difference between the two is the use of
a different mushy-zone permeability relationship.

II. EXPERIMENTAL

A range of alloy compositions (Pb-2.2 and 5.8 wt pct Sb,
Pb-10 to 54.7 wt pct Sn) were directionally solidified (DS) in
a flowing argon atmosphere at several thermal gradients (rang-
ing from 10 to 197 K cm�1) and growth speeds (ranging from
2 to 157 �m s�1) in 0.7-cm i.d. quartz ampoules in a furnace
arrangement where the furnace was translated and the sample
was kept stationary.[13] Some samples were also DS in 1.8-cm
i.d. quartz ampoules to examine the influence of crucible diam-
eter on the formation of channel segregates and the associated
longitudinal macrosegregation. Most of the samples were
quenched after 9 to 10 cm of directional solidification; melt
column length at the onset of directional solidification was 18
to 20 cm. Macrosegregation was measured by chemical analy-
sis of thin slices that were cut along the directionally solidi-
fied length of the sample and from its quenched liquid portion.
Transverse microstructures were examined to characterize the
surface and internal channel segregates and their distribution
along the directionally solidified length. Several growth speed
change, step increase and step decrease in the speed, experiments
were also carried out to precisely identify the solidification
conditions necessary for the formation of channel segregates.

III. RESULTS

A. Typical Microstructures

Figure 1 shows typical transverse microstructures observed
in Pb-5.8 wt pct Sb alloys DS at 40 K cm�1. At a low growth
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speed of 3 �m s�1 (Figure 1(a)), there is an interior channel
segregate present in the sample. An interior channel segregate
was also observed at 5 �m s�1. At a higher growth speed of
10 �m s�1 (Figure 1(b)), there is no channel segregate, but
there is significant nonuniformity in the interdendritic volume
fraction liquid; the region marked by the arrow has more liquid
fraction as compared with the remainder of the sample cross
section. This nonuniformity is not present at higher growth
speeds; for example, at 30 �m s�1 (Figure 1(c)), dendrites are uni-
formly distributed throughout the entire sample cross section.

Experiments showed that at 3 �m s�1, several segregates
appear within a solidification distance of 1 cm; the mushy-
zone length for this growth condition is about 0.9 cm. The

number of channel segregates and their location on the sam-
ple cross section, however, change along the DS length;
channels meander on the sample cross section, existing ones
merge, and new ones form during directional solidification.
Examination of samples with growth speed step change
showed that internal and surface channels that formed at
3 �m s�1 vanished within about 1 cm distance after the speed
was increased to 10 �m s�1. Similarly, samples growing at
30 �m s�1 did not have channel segregates, but channels
formed within about 1 cm after the speed was decreased to
3 �m s�1. Serial sectioning through quenched mushy zone
demonstrated that internal channel segregates invariably
extend from the tips of the dendrite array to its very base.

(a) (b)

(c)

Fig. 1—Transverse microstructure of Pb-5.8 wt pct Sb alloy samples directionally solidified at 40 K cm�1. (a) Interior channel segregates at a growth speed
of 3 �m s�1. (b) Absence of segregates at 10 �m s�1; presence of large inhomogeneity in the interdendritic liquid fraction shows a tendency for channel
formation. (c) No channel segregates at 30 �m s�1.
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B. Influence of Crucible Diameter

Figure 2(a) shows the microstructure of a Pb-33.4 wt pct
Sn alloy sample grown in a 0.7-cm i.d. quartz crucible at
75 K cm�1 with a growth speed of 8 �m s�1. It does not have
internal channel segregate; instead, it has two segregates located
on the sample surface, marked by arrows. In order to exam-
ine if an increase in sample diameter would push the segre-
gates from the sample surface into its interior, a similar alloy
(Pb-32 wt pct Sn) was grown in a 1.8-cm i.d. quartz crucible
under similar growth conditions (60 K cm�1, 8 �m s�1). The
0.7- and 1.8-cm i.d. samples had similar primary dendrite spac-
ing, 166 and 159 �m, respectively. Figure 2(b) shows that
the larger diameter sample also did not have internal channel
segregates. However, it has significantly more surface segre-
gates (marked by arrows), nine versus two for the small diam-
eter sample. This indicates a more intense convective mixing
between the mushy zone and the overlying liquid during direc-
tional solidification of the 1.8-cm i.d. sample than the 0.7-cm
one. This is also confirmed by the longitudinal macrosegre-

gation observed in the two samples (Figure 3(a)). Figure 3(a)
plots the ratio of the tin content along the DS length (Cs) and
Co, the initial solute content of the melt, as a function of fraction

(a)

(b)

Fig. 2—Influence of crucible diameter on the surface channel segregate
formation in a directionally solidified Pb-Sn alloy. (a) Pb-33.4 wt pct Sn,
0.7-mm-diameter sample, 75 K cm�1 and 8 �m s�1, shows one surface
channel segregate. (b) Pb-32 wt pct Sn, 1.8-cm-diameter sample, 60 K cm�1

and 8 �m s�1, shows nine surface channel segregates.

(a)

(b)

(c)

Fig. 3—Macrosegregation along the DS length for the small and large diam-
eter samples containing surface freckles. (a) Composition as a function of
distance. (b) Log (Cs/Co) vs log (1 � fs). (c) Log (Cs/Co) vs log (1 � fs)
for the macrosegregation data from the end-quench directional solidifica-
tion experiments of Wang et al.[8,9]
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distance solidified. Open symbols correspond to the DS por-
tion of the sample and filled symbols to the liquid portion,
which was quenched at the end of directional solidification.
The 1.8-cm i.d. sample, indicated by square symbols, was
quenched after solidifying about 50 pct of its initial melt col-
umn length, whereas the 0.7-cm i.d. sample, indicated by cir-
cles, was quenched after solidifying about 80 pct. In the absence
of convective mixing, Cs/Co would be expected to be unity
along the entire sample length. It is apparent that the larger
diameter sample has more macrosegregation.

As reported earlier,[1,2] the effective partition coefficient,
ke, obtained by fitting experimentally observed macrosegre-
gation to Cs/Co � ke (1 � fs)

(ke�1) is a good indicator of the
extent of convective mixing during directional solidification.
Figure 3(b) plots log (Cs/Co) vs log (1 � fs) for the data shown
in Figure 3(a). It also includes linear least-squares fit through
the data, indicated by solid lines, and the corresponding 95 pct
confidence intervals (broken lines). Macrosegregation data
show a good fit to Cs/Co � ke (1 � fs)

(ke�1) relationship. Aver-
age ke values (average of ke obtained from the slope and
that from the intercept) for the small and large diameter sam-
ples are 0.87 and 0.62, respectively.

IV. DISCUSSION

Table I lists the identification number of the samples, Co,
Gl, V, �Expt (experimentally measured primary dendrite spac-
ing), Geff, S*, and Rt (dendrite tip radius) and �Theory (primary
dendrite spacing) predicted from the Hunt–Lu model[18])
for those Pb-Sb and Pb-Sn alloy samples where macroseg-
regation data were available. The table also lists correspond-
ing ke, RaB, and RaM values. The next column in the table
denotes the nature of channel segregates, surface or inte-
rior, and their number. Absence of data in this column indi-
cates a channel-free microstructure. The table also includes
data extracted from the literature on Pb-Sn,[1,2,5–9,12]

Pb-Sb,[2,7] and Al-Mg[11] alloys; the last column provides
the corresponding references. Please note that tip compo-
sition (Ct), tip radius, and primary spacing (�1) values used
in calculating RaB and RaM in this table are those predicted
from the Hunt–Lu model.[18] Our Pb-Sb alloy data (0.7-cm
diameter 20-cm long cylindrical samples), data from Streat
and Weinburg[5] (1.3-cm diameter, 14-cm long), data from
Mori and Keisaku[11] (2.6-cm diameter, 20-cm long), and
those from Grugel et al.[12] (0.5-cm diameter, 20-cm long)
are from steady-state directional solidification experiments
where either the cylindrical sample or the furnace setup was
translated at a constant speed while the thermal gradient
remained constant. The sample length for these experiments
is usually several times larger than the mushy-zone length,
whereas data from Sarazin and Hellawell[6] and Sarazin[7]

(3.8-cm-diameter, 12-cm-long samples), from Wang and
co-workers[8,9] (2-cm diameter, 5-cm long), and from Bergman
et al.[10] (3.5-cm diameter, 6.3-cm long) are from end-quench
type directional solidification experiments where melt was
poured into a ceramic mold, heated from the top and cooled
from bottom, and directional solidification was achieved by
slow controlled cooling of the furnace. The sample length
for these experiments was usually smaller than the mushy-
zone length expected from their corresponding reported ther-
mal gradient and growth speed values. Since thermal gradients

and growth speeds did not remain constant during solidifi-
cation of these samples, we have used their reported average
values. Also, since thermal gradients for these experiments
were measured within the mushy zone itself, their Geff have
been assumed to be the same as the corresponding reported
thermal gradients.

Strictly speaking, the Rayleigh number definition presented
above is valid only for steady-state directional solidification
experiments; however, we will use RaB and RaM to examine
data from end-quench DS experiments also.

A. Macrosegregation

As typically shown in Figure 3(c) for the data reported
by Wang and co-workers[8,9] the Cs/Co � ke (1 � fs)

(ke�1) rela-
tionship described earlier for steady-state directional solidi-
fication experiments is also applicable for the end-quench
DS experiments where ingots are less than one mushy zone
long. Here, the reported macrosegregation data are replotted
as log (Cs/Co) vs log (1 � fs). Table I includes ke values
obtained from similar plots for end-quench DS experiments
of Wang et al.[8,9] and Sarazin and Hellawell[6] and Sarazin.[7]

Figure 4(a) plots ke as a function of RaB for DS hypoeutec-
tic Pb-Sn and Pb-Sb alloys. It contains data from 38 differ-
ent directional solidification experiments, including data
from our experiments (SNT), those from Wang et al.,[8] and
those from Sarazin et al.[6,7] It also includes data from Mason
et al. (MVT).[22] However, for MVT, the ke values are not
obtained from log (Cs/Co) vs log (1 � fs) plots; instead, the
ratio of the reported solid and liquid compositions at the
quenched liquid-solid interface has been assumed to be
equal to ke. Even though the ke vs RaB plot shows the
expected association between increasing macrosegrega-
tion (smaller ke) and increasing convection (larger RaB),
there is a large scatter present. A much stronger associa-
tion and decreased scatter becomes evident, however, when
the same data are plotted as a function of RaM (Figure 4(b)).
This is demonstrated by a larger Spearman rank correla-
tion coefficient for Figure 4(b), �0.71 with a p value of
0.000, as compared with �0.51 with a p value of 0.0012 in
Figure 4(a).

B. Formation of Channel Segregate

Figure 5 compiles channel segregate formation data pre-
sented in Table I from several investigators and plots the cor-
responding Rayleigh numbers, RaB in Figure 5(a) and RaM in
Figure 5(b). Open circles correspond to samples without chan-
nel segregates, filled circles indicate internal channel segre-
gates, and filled squares indicate surface channels. This figure
includes data from our research on Pb-Sb and Pb-Sn alloys
DS in 0.7-cm i.d. crucibles, marked as SNT in Figure 5. The
SNT sets also contain many samples that are not listed in
Table I, especially no channel segregate samples, which were
already included in a recent publication.[14] Data marked as
Song-SNT are for Pb-32 and Pb-41.9 wt pct Sn alloy sam-
ples that were DS in 1.8-cm i.d. crucibles. This figure includes
data from 102 separate directional solidification experiments
in Pb-Sb, Pb-Sn, and Al-Mg alloys including 74 steady state
and 28 end-quench DS type of experiments.

Figure 5(a) shows that RaB does not yield a demarcation
between channel segregate formation and its absence; this
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(a)

(b)

Fig. 4—Correlation between the severity of macrosegregation as given by
the decrease in ke vs the extent of mushy-zone convection as represented
by an increasing Rayleigh number: (a) RaB and (b) RaM.

is true even when a set of data from one single investigator
is examined. For example, in the Pb-5.8 and 2.2 wt pct Sb
data set (SNT), channel segregates are absent at high RaB of
1.06, but they are present at low RaB of 0.25. The Pb-Sn alloy
(SNT) and Pb-20 wt pct Sn (Weinberg) data also show simi-
lar behavior. Only the Pb-15 wt pct Sn (Wang), Pb-Sn alloys
(Sarazin), and Pb-25 wt pct Sn (Bergman) data sets show
distinct RaB demarcations between segregate containing and
segregate free samples. However, if we pool all of our sam-
ples together, then there is no correlation between RaB and
the formation of channels. Channel segregates are seen at the
near minimum RaB examined here, 4 	 10�5 for Pb-20 wt
pct Sn (Weinberg data set), and also at the maximum RaB,
0.9 for Pb-5.8 wt pct Sb (SNT data set), with channel-free
and channel-containing samples scattered throughout the
entire range of RaB.

The mushy-zone Rayleigh number RaM, which includes
contribution of side branching in its permeability relation-
ship, however, shows a significant improvement over RaB in
its ability to identify growth conditions that result in the
formation of channel segregates; this is shown in Figure 5(b).
Except for one experiment, marked as Pb-Sn alloys (Sarazin
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(a)

(b)

Fig. 5—Correlation between the channel segregate formation during direc-
tional solidification of metallic alloys and the extent of mushy-zone con-
vection as represented by the Rayleigh number: (a) RaB and (b) RaM.

ciated with several end-quench DS experiments included in
this figure, RaM appears to be a good parameter for describ-
ing channel segregate formation. If we ignore the two Pb-2
and 3 wt pct Sb (Sarazin) data in Figure 5(b), then channel
segregate formation in all these experiments in a range of
alloys appears to correspond to a narrow band of RaM, between
0.2 to 0.8. This is a significant improvement over the pre-
dictive ability of other Rayleigh numbers described in the
literature.[16,23] It is also interesting to note that RaM is based
upon theoretically predicted primary dendrite spacing; unlike
other mushy-zone Rayleigh numbers used in the literature,
one does not need prior experimental measurements of pri-
mary spacing to calculate RaM.

V. CONCLUSIONS

The Mushy-zone Rayleigh number (RaM) defined recently,[14]

which incorporates a permeability relationship that accounts
for dendrite side branching, is a good parameter to represent
the intensity of interdendritic convection during directional
solidification of alloys where increasing solute content
decreases the melt density. It not only shows a very good
correlation between increased convection and decreased
primary spacing,[14] it also shows an excellent correlation
between experimentally observed longitudinal macrosegre-
gation and convection. The parameter, RaM, can be used as a
predictive tool to describe channel formation during directional
solidification.
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