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MIXED CONVECTION IN VERTICAL INTERNAL FLOW  
OF A MICROPOLAR FLUID  

RAMA SUBBA REDDY GORLA i
, BAHMAN GHORASHJZ and  

PRAPAT WANGSKARN i  

I Department of Mechanical Engineering, Cleveland State University, Cleveland, OH 44115, U.S.A.  
2 Department of Chemical Engineering, Cleveland State University, Cleveland, OH 44115, U.S.A. 

Abstract-The theory of micropolar fluids due to Eringen is used to formulate a set of equations for 
the flow and heat transfer characteristics of the combined convection micropolar flow in vertical 
channels. It is found that the microstructure and substructure parameters have significant effects on 
the flow and thermal fields. By making the Newtonian solvent more and more micropolar, it is 
possible to obtain drag reduction as well as reduced heat transfer characteristics. 

INTRODUCTION 

There exist several approaches to study the mechanics of fluids with a substructure. Ericksen 
[1,2] derived field equations which account for the presence of substructures in the fluid. It has 
been experimentally demonstrated by Hoyt and Fabula [3] and Vogel and Patterson [4] that 
fluids containing small amounts of polymeric additives display a reduction in skin friction. 

Eringen [5] formulated the theory of micropolar fluids which display the effects of local 
rotary inertia and couple stresses. This theory can be used to explain the flow of colloidal 
fluids, liquid crystals, animal blood, etc. Eringen [6] extended the micropolar fluid theory and 
developed the theory of thermomicropolar fluids. A review of the study of micropolar fluid 
mechanics was provided by Ariman et al. [7]. 

Kanatani [8] presented a principle of converting a system of grid framework to an equivalent 
continuum model. A micropolar continuum was defined in the form of higher order extension. 
In order to supplement defects of previous theories, a complex-valued micropolar continuum 
model was constructed for grid frameworks vibrating with an arbitrary frequency by means of 
variational principles. The flow of granular materials at high deformation rates and low stress 
levels was studied by Kanatani [9] using a micropolar continuum theory. The constitutive 
equations were obtained by statistical inference. The material was assumed to consist of 
cohesion less rigid spheres of uniform size and the same mass. Two different regimes of flows, 
namely, slow flows and fast flows were analyzed. It was shown that the material exhibits the 
normal stress effects. 

Brenner [10] has shown theoretically that the steady rotation of a container filled with a 
spatially uniform suspension of identical dipolar spherical particles in a Newtonian fluid would 
give rise to an antisymmetric stress state on the length scale of the suspension. He observed 
that an external torque must be continuously exerted on the container to maintain the steady 
rotation. The result was interpreted within the framework of micropolar fluid theory. For the 
case of concentrated suspensions of spheres whose centers are arrayed in a cubic lattice, 
expressions were obtained for all the parameters to characterize the phenomena. Brenner 
demonstrated that the swirling motion is a manifestation of the existence of a suspension-scale 
translational-slip velocity at the container walls. 

Mixed convection flows in vertical channels and ducts find applications in nuclear reactors, 
heat exchangers and electronic equipment. Perhaps the most important question is the effect of 
buoyancy on forced convection transport rates. The buoyancy forces may aid or oppose the 
forced flow causing an increase or decrease in the heat transfer rates. 

In the present paper, we have analyzed the fully developed laminar mixed convection flow of 
a micropolar fluid between two vertical parallel plates maintained at different values of uniform 
temperature. The set of coupled non-linear differential equations governing the flow, 
micro-rotation and temperature fields were solved by an iterative computational procedure. It is 
observed that the micropolar fluids display a reduction in wall shear stress as well as surface 
heat transfer rates. A discussion is provided for the effects of the dimensionless parameters R 



(microstructure parameter) and A (substructure parameter) on the details of flow and 
temperature fields. 

PROBLEM DESCRIPTION AND GOVERNING EQUATIONS 

Let us consider two infinite vertical parallel plates which are parallel to the direction of the 
gravitational body force. The x-axis is the axial direction and is located along the centerline of 
the channel. The y-direction is in the normal direction to the walls. The walls are kept at a 
distance 2L apart and maintained at uniform temperatures Tj and Tz. For a fully developed 
laminar flow with constant properties except for the density variation, which is included with 
the Boussinesq approximation, the governing equations are obtained by noting that the 
transverse velocity is zero. The normalized velocity and temperature distributions are taken as 
fully developed. The governing equations become 

dZu dN dP eu + k) dyZ + k dy - dx + pg(38 = 0 (1) 

dZN du 
y--k--2kN=0 	 (2)

dyZ dy 

k d
Z
8 _ (Jl +~) (dU)Z + ~ (dU + 2N)Z + y(dN)Z 	 (3)

f dyZ 2 dy 2 dy dy 

In the above equations, U is the velocity component in axial direction, N the component of 
micro-rotation, 8 the temperature, g the gravitational acceleration and (3 the volumetric 
coefficient of thermal expansion. The boundary conditions are given by 

y = -L: U = 0, N = No, 8 = Tt - 7;, = 8 j (4) 
Y = L: U = 0, N = No, 8 = Tz - 7;, = m8 j 

ANALYSIS 

Proceeding with the analysis, we introduce the following dimensionless variables: 

/=-Su 

Uo 

(5) 
LS 

Q=-·N
Uo 

U. 	 _ pg(38 j Lz 
0- Jl2 

Jl U6s=­
kf 8 j 

k
R=-

Jl 



Upon substituting expressions in (5) into equations (1)-(4), we may write 

( 
U2 dP)

(1 +R)f"+RQ' + cp = ~­ (6)
kt pgf3 dx 

AQ" - t' - 2Q = 0 (7) 

cp" + ( 1 + ~)(f')2 +~ (f' + 2Q)2 + RA(Q,)2 = 0 (8) 

The normalized boundary conditions are given by 

'f/ = -1:/=0, cp=S (9) 
'f/ = 1:/ =0, cp=mS 

Equations (6)-(8) have been solved numerically on the computer by varying the micro rota-
tion parameters, R and A and the pressure gradient parameter 

IlU6 dPtl.P=---
kt pgf3 dx 

The case with 

dP =0 
dx 

corresponds to the free convection problem. 
The dimensionless parameter, S denotes the temperature level of the wall. An increase in the 

value of S results in an increase of the fluid bulk temperature which in turn increases the mass 
flow rate. As the value of the pressure gradient parameter increases, the mass flow rate and the 
bulk temperature increase. The wall friction factor and the wall heat transfer rate (Nusselt 
number) get augmented with increasing pressure gradient in the streamwise direction. These 
details may be observed from the results presented in Appendices A and B. The effect of the 
micropolar parameters R and A on the flow and thermal fields is observed to be significant. 
Increasing values of R and A result in reduction in wall shear stress and surface heat transfer 
rate. Figures 1 and 2 display typical velocity and temperature profiles. As the stream wise 
pressure gradient increases, we may observe that maximum velocity and maximum temperature 
in the channel increase. 
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Fig. 1. Velocity distribution.  
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Fig. 2. Temperature distribution. 

It is well known that turbulent flows exhibit internal structure in the form of eddies. This suggests 
that it may be possible to use theories of fluids with microstructure, such as Eringen's theory of 
simple microfluid [12], to model turbulent flow. In such an application the macrorotation of the 
model would correspond to the mean motion of the turbulent flow and the micro-inertia 
coefficients would correspond to the characteristic dimensions of the eddies. In [13, 14] Kirwan 
and Newman have found that both the micropolar fluid and simple microfluid models are 
capable of predicting turbulence-like velocity profiles in plane poiseuille and couette flows. 

The problem of boundary conditions for structured fluids deserves some comment. Eringen 
[5], Condiff and Dahler [15] and Kirwan and Newman [13] discussed the case of rigid 
structures. Eringen [5] suggested that no spin boundary condition as being equivalent to a no 
slip condition for structures. Condiff and Dahler [15] proposed the no spin condition as well as 
one in which the skew symmetric component of the shear stresses vanished at rigid boundaries. 
Kirwan and Newman [13] argued that the reasoning leading to the restriction to these two 
conditions is not cogent. In the case of deformable structures, the question of restricting 
boundary conditions to those that are physically relevant is even more difficult. Thus Kirwan 
and Newman [14] selected the boundary values of the gyration as arbitrary, with some 
restrictions imposed, in the case of deformable structures. The general boundary conditions for 
the micro-rotation vector may have important applications. It has been demonstrated by 
Dahler and Scriven [16] that skew symmetric viscous stress arises quite naturally from 
considerations of molecular particle forces. It is quite possible that the boundaries are precisely 
the place where these effects are especially important. Fluids with rigid structures may have 
applications to fluids with polymeric additives. Fluids with deformable structures may model 
fluids with fluid inclusions such as a mixture of oil and water. 

Kirwan [17] investigated the effect of different boundary conditions for micropolar fluids. For 
steady channel flow, it was shown that the boundary condition of micro-rotation rate being 
equal to minus one half of vorticity can reproduce the Navier Stokes results. A general linear 
relation between microrotation rate and vorticity at rigid boundaries was analyzed and several 
special cases were examined. Implications for more general flows were discussed by Kirwan. 

Peddieson [18] considered the nonvanishing rotation boundary condition for the micropolar 
boundary layer flow at the stagnation point on a stationary wall. Gorla [19] investigated the 
steady boundary layer flow of a micropolar fluid at a two-dimensional stagnation point on a 
moving wall. He demonstrated that the micropolar fluid flow model is capable of predicting 
results which exhibit some of the flow characteristics found in turbulent boundary layers. 

Appendix C indicates wall shear stress values with the wall microrotation parameter changed 
from -3 to 3. It is observed that as Igol increases, both the wall shear stress and the wall heat 
transfer rate increase. Figures 3 and 4 indicate that as the value of Igol increases, the velocity 
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Fig. 3. Effect of surface value for the micro rotation on the velocity distribution. 
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Fig. 4. Effect of surface value for the microrotation on the temperature distribution. 

and temperature profiles become box type and thus the boundary condition for Qo plays an 
important role in simulating turbulent flows. 

CONCLUDING REMARKS 

The flow and heat transfer characteristics of the mixed convection flow of a micropolar fluid 
are studied in this paper. The effects of the microstructure parameter, R and the substructure 
parameter A on the flow and heat transfer are discussed. Micropolar fluids display drag 
reduction and heat transfer rate reduction. By varying the non-vanishing surface value for the 
microrotation vector, it is observed that it is possible to simulate turbulent type flows by means 
of the micropolar flow theory. Increasing values of surface microrotation vector result in 
enhancement in wall shear stress and surface heat transfer rate. As the pressure gradient 
parameter increases, the mass flow rate and the bulk temperature increase which in turn 
augment the friction factor and Nusselt number. Increasing values of the dimensionless 
microstructure parameter and substructure parameters result in the reduction of drag and heat 
transfer rates. 
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NOMENCLATURE 
A dimensionless micro-rotation parameter Q 

R 
volumetric flow rate = f u dy 
dimensionless micro rotation parameter 

m 
N 
Nu 
P 
t!..P 

(k~2) 
dimensionless velocity function 
acceleration due to gravity 
thermal conductivity 
one-half distance between the plates 
wall temperature parameter 
angular velocity 
Nusselt number 
pressure 
dimensionless pressure gradient 

T 
u 
v 
x 
y 
f3 
P 
Il,k, Y 
(J 

Q 

temperature 
velocity in x-direction 
velocity in y-direction 
streamwise coordinate 
normal coordinate 
volumetric coefficient of expansion 
density 
viscosity coefficients 
temperature 
angular velocity 

( 
IlU~ dP) 

kf pgf3 dx 

APPENDIX A 

Values of Mass Flow Rate Q and Nusselt Number Nu 

M=1 

S=l, A=I, R=0.5 2.0 8.0 
Q Nu Q Nu Q Nu 

I'1P = 0 0.47925 0.22652 0.22739 0.11520 0.07872 0.03889 
0.5 0.74305 0.47425 0.36145 0.24941 0.11863 0.08633 
1.0 1.02836 0.75494 0.48959 0.41699 0.15894 0.15013 
2.0 1.69422 1.27210 0.75991 0.78751 0.24074 0.31575 

S=I, R=I, A=0.5 2.0 8.0 
0.0 0.36609 0.17505 0.35265 0.16906 0.34844 0.16718 
0.5 0.56270 0.37188 0.54132 0.36002 0.53464 0.35629 
1. 0 0.77045 0.60448 0.74002 0.58729 0.73055 0.58186 
2.0 1. 22925 1. 06634 1.17569 1.04463 1.15917 1.03766 

R=I, A=I, S=0.2 0.4 0.6 0.8 
0.0 0.0691 0.0342 0.1394 0.0684 0.2109 0.1027 0.2836 O. 1370 
0.5 0.2471 0.3681 0.3205 0.3183 0.3952 0.3221 0.4715 0.3402 
I.0 0.4332 0.8349 0.5102 0.6571 0.5888 0.6041 0.6692 0.5903 
2.0 0.8355 1.5060 0.9218 1.2641 1.0105 1.1469 1.1016 1.0851 

[Continued 



Appendix A continued] 

M=2 

S= 1, A = 1, R =0.5 2.0 8.0 
Q Nu Q Nu Q Nu 

~p = 0.0 0.74287 0.12268 0.36124 0.16666 0.11853 0.37731 
0.92436 0.70657 0.56471 

0.5 	 1.02813 0.47104 0.48936 0.04088 0.15884 0.29983 
1.25509 0.87607 0.62334 

1.0 	 1.34148 0.81006 0.62198 0.26950 0.19955 0.20449 
1.63805 1.08213 0.69702 

2.0 2.10579 	 1.36405 0.90301 0.72037 0.28218 0.02267 
2.446% 1.51658 0.88427 

S = 1, R = 1, A= 0.5 2.0 8.0 
0.0 	 0.56245 0.00805 0.54109 0.02476 0.11853 0.37731 

0.82171 0.81043 0.56471 
0.5 	 0.77016 0.28117 0.73978 0.04088 0.15884 0.29983 

1.07732 0.87607 0.62334 
1.0 	 0.99127 0.57763 0.95035 0.26950 0.19955 0.20449 

1.37936 1.08213 0.69702 
2.0 1.48753 	 1.09869 1.41849 0.72037 0.28218 0.02267 

2.04005 1.56158 0.88427 
A = 1, R = 1, S=0.2 0.4 0.6 0.8 
~P=O.O 0.1040 0.3909 0.2107 0.2949 0.3202 0.2009 0.4320 0.1088 

0.5563 0.6192 0.6831 0.7482 
0.5 	 0.2835 0.0806 0.3951 0.0739 0.5060 0.1264 0.6285 0.1936 

0.9387 0.9190 0.9549 1.0063 
1.0 	 0.4714 0.6522 0.5886 0.5007 0.7098 0.4865 0.8352 0.5141 

1.5208 1.3333 1.3048 1.3228 
2.0 	 0.8783 1.4242 1.0102 1.1946 1.1479 1.1059 1.2922 1.0771 

2.6349 2.2292 2.0782 2.0223 

APPENDIX B 

Values of Shear Stress at the Wall u'(O) 

~P=O.O 

1)= -1 1)= +1 
m\R 0.5 2.0 8.0 0.5 2.0 8.0 

A=1 

1 0.7005 0.3413 0.1119 -0.7005 -0.3413 -0.1119 
2 0.9680 0.4612 0.1492 -1.1960 -0.5764 -0.1879 

m\A 0.5 2.0 8.0 0.5 2.0 8.0 
R = 1 

1 0.5188 0.5183 0.5182 -0.5188 -0.5183 -0.5182 
2 0.7088 0.7082 0.7084 -0.8824 -0.8784 -0.8768 

m\S 0.2 0.4 0.6 0.8 0.2 0.4 0.6 0.8 
R=A=1 

1 0.1006 0.2027 0.3063 0.4116 -0.1006 -0.2027 -0.3063 -0.4116 
2 0.1344 0.2721 0.4135 0.5587 -0.1686 -0.3405 -0.5162 -0.6959 

Values of Q(O) 

m\R 0.5 2.0 8.0 0.5 2.0 8.0 
A=1 

1 -0.2137 -0.1057 -0.0350 -0.2137 -0.1057 -0.0350 
2 -0.3228 -0.1567 -0.0513 -0.3357 -0.1633 -0.0536 

m\A 0.5 2.0 8.0 0.5 2.0 8.0 
R=1 

1 -0.2948 -0.0833 -0.0216 -0.2948 -0.0833 -0.0213 
2 -0.4361 -0.1257 -0.0392 -0.4656 -0.1282 -0.0328 

m\S 0.2 0.4 0.6 0.8 0.2 0.4 0.6 0.8 
A =R = 1 

1 -0.0308 -0.0621 -0.0940 -0.1264 -0.0308 -0.0621 -0.0940 -0.1264 
2 -0.0451 -0.0914 -0.1390 -0.1879 -0.0471 -0.0953 -0.1449 -0.1958 

[Continued 



Appendix B continued] 

~P=0.5 

m\R 0.5 2.0 8.0 0.5 2.0 8.0 
A=1 

1 1.0818 0.5186 0.1685 -1.0818 -0.5186 -0.1685 
2 1.3766 0.6436 0.2063 -1.6054 -0.7593 -0.2452 

m\A 0.5 2.0 8.0 0.5 2.0 8.0 
R = 1 

1 0.7951 0.7934 0.7929 -0.7951 -0.7934 -0.7929 
2 0.9986 0.9960 0.9956 -1.1733 -1.1668 -1.1645 

m\S 0.2 0.4 0.6 0.8 0.2 0.4 0.6 0.8 
R=A=1 

1 0.3588 0.4648 0.5726 0.6823 -0.3588 -0.4648 -0.5726 -0.6823 
2 0.3944 0.5383 0.6864 0.8391 -0.4290 -0.6073 -0.7898 -0.977 

Values of Q(O) 

m\R 0.5 2.0 8.0 0.5 2.0 8.0 
A = 1 

1 -0.3312 -0.1610 -0.0528 -0.3312 -0.1610 -0.0528 
2 -0.4499 -0.2137 -0.0693 -0.4615 -0.2198 -0.0714 

m\A 0.5 2.0 8.0 0.5 2.0 8.0 
R=1 

1 -0.4531 -0.1278 -0.0331 -0.4531 -0.1278 -0.0331 
2 -0.6031 -0.1726 -0.0451 -0.6315 -0.1745 -0.0448 

m\S 0.2 0.4 0.6 0.8 0.2 0.4 0.6 0.8 
A =R = 1 

1 -0.1101 -0.1428 -0.1761 -0.2101 -0.1101 -0.1428 -0.1761 -0.2102 
2 -0.1251 -0.1735 -0.2235 -0.2750 -0.1263 -0.1767 -0.2286 -0.2820 

~P=1.0 

1)=-1 I) = +1 

m\R 0.5 2.0 8.0 0.5 2.0 8.0 
A=1 

1 1.4906 0.7011 0.2256 -1.4906 -0.7011 -0.2256 
2 1.8211 0.8316 0.2639 -2.0512 -0.9479 -0.3029 

m\A 0.5 2.0 8.0 0.5 2.0 8.0 
R= 1 

1.0851 1.0814 1.0803 -1.0851 -1.0814 -1.0803 
2 1.3050 1.2991 1.2978 -1.4809 -1.4706 -1.4671 

m\S 0.2 0.4 0.6 0.8 0.2 0.4 0.6 0.8 
A =R = 1 

1 0.6272 0.7379 0.8506 0.9655 -0.6272 -0.7379 -0.8506 -0.9655 
2 0.6651 0.8162 0.9722 1.1336 -0.7002 -0.8857 -1.7062 -1.2723 

Values of Q(O) 

m\R 0.5 2.0 8.0 0.5 2.0 8.0 
A=l 

1 -0.4583 -0.2180 -0.0707 -0.4583 -0.2180 -0.0707 
2 -0.5894 -0.2727 -0.0874 -0.5997 -0.2783 -0.0893 

m\A 0.5 2.0 8.0 0.5 2.0 8.0 
R=l 

1 -0.6202 -0.1748 -0.0453 -0.6202 -0.1748 -0.0453 
2 -0.7808 -0.2223 -0.0579 -0.8081 -0.2237 -0.0574 

m\S 0.2 0.4 0.6 0.8 0.2 0.4 0.6 0.8 
A=R=I 

1 -0.1930 -0.2273 -0.2623 -0.2981 -0.1931 -0.2273 -0.2623 -0.2981 
2 -0.2088 -0.2598 -0.3124 -0.3670 -0.2092 -0.2621 -0.3167 -0.3732 

[Continued 



Appendix B continued) 

I!..P=2.0 
'I =-1 'I = +1 

m\R 0.5 2.0 8.0 0.5 2.0 8.0 
A=1 

1 2.4304 1.0837 0.3413 -2.4304 -1.0837 -0.3413 
2 2.8862 1.2275 0.3806 -3.1197 -1.3449 -0.4199 

m\A 0.5 2.0 8.0 0.5 2.0 8.0 
R=1 

1 1. 7187 1.7066 1.7031 -1. 7187 -1.7066 -1.7031 
2 1.9845 1. 9657 1.9606 -2.1632 -2.1388 -2.1312 

m\S 0.2 0.4 0.6 0.8 0.2 0.4 0.6 0.8 
A=R=1 

1 1.2025 1.3249 1.4503 1.5789 -1.2025 -1.3249 -1.4503 -1.5789 
2 1.2461 1.4157 1.5926 1.7777 -1.2822 -1.4865 -1.6981 -1.9181 

Values of Q(O) 

m\R 0.5 2.0 8.0 0.5 2.0 8.0 
A=1 

1 -0.7547 -0.3383 -0.1071 -0.7547 -0.3383 -0.1071 
2 -0.9293 -0.3977 -0.1241 -0.9366 -0.4022 -0.1258 

m\A 0.5 2.0 8.0 0.5 2.0 8.0 
R = 1 

1 -0.9889 -0.2776 -0.0718 -0.9989 -0.2744 -0.0718 
2 -1.1793 -0.3328 -0.0864 -1.2040 -0.3329 -0.0855 

m\S 0.2 0.4 0.6 0.8 0.2 0.4 0.6 0.8 
A=R=1 

1 -0.3722 -0.4106 -0.4501 -0.4906 -0.3722 -0.4106 -0.4501 -0.4906 
2 -0.3900 -0.4475 -0.5075 -0.5703 -0.3886 -0.4480 -0.5099 -0.5747 

APPENDIX C 
Effect of Wall Microrotation Parameter on Shear Stress, Mass Flow Rate and Nusselt Number 

u'(O) 
'I = 1 'I =-1 

Q(O) = -3 -1 0 1 3 -3 -1 0 1 3 
I!..P=O 2.8263 0.8664 0.5185 0.5056 1. 9316 -1.9367 -0.5096 -0.5185 -0.8653 -2.8381 

1 3.7787 1.4425 1.0827 1.0991 2.9987 -2.9888 -1.1034 -1.0827 -1.4430 -3.8086 
Q'(O) 

Q(O) = -3 -1 0 1 3 -3 -1 0 1 3 
I!..P=O 2.9240 1.0249 -0.1594 -1.4627 -4.5608 -4.5541 -1.4622 -0.1594 1.0283 2.9302 

1 2.6009 0.8434 -0.3347 -1.6462 -4.8996 -4.8837 -1.6437 -0.3347 0.8482 2.6039 

I!..p=o 
Nu 

Q '1= -1 '1=1 

Q(O) =-3 1.8451 1.2430 2.0490 
-I 0.4931 0.6760 1.0280 

0 0.3577 0.1713 0.1694 
1 0.4916 1.0354 0.6653 
3 1.8505 2.0615 1.2336 

I!..P=1 
Nu 

Q I) =-1 1)=1 

Q(O) =-3 2.5831 1.2554 2.1895 
-1 0.9026 0.7935 1.3435 

0 0.7514 0.5937 0.5894 
1 0.9018 1.3530 0.7874 
3 2.6021 2.2028 1·2467 
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