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Analytical Solutions for Vertical Flow in Unsaturated, Rooted Soils
with Variable Surface Fluxes

Fasong Yuan and Zhiming Lu*

ABSTRACT

Analytical solutions to Richards’ equation have been derived to
describe the distribution of pressure head, water content, and fluid
flow for rooted, homogeneous soils with varying surface fluxes. The
solutions assume that (i) the constitutive relations for the hydraulic
conductivity and water content as function of the pressure head are
exponential, (ii) the initial water content distribution is a steady-state
distribution, and (iii) the root water uptake is a function of depth.
Three simple forms of root water uptake are considered, that is, uni-
form, stepwise, and exponential functional forms. The lower boundary
of the rooted soil profile studied is a water table, while at the upper
boundary time-dependent surface fluxes are specified, either infil-
tration or evaporation. Application of the Kirchhoff transformation
allows us to linearize Richards’ equation and derive exact solutions.
The steady-state solution is given in a closed form and the transient
solution has the form of an infinite series. The solutions are used to
simulate the hydraulic behavior of the rooted soils under different
conditions of root uptake and surface flux. The restricted assumptions
for the solutions may limit the applicability, but the solutions are
relatively flexible and easy to implement compared to other analytical
and numerical schemes. The analytical solutions provide a reliable
and convenient means for evaluating the accuracy of various numerical
schemes, which usually require sophisticated algorithms to overcome
convergence and mass balance problems.

SINCE THE EARLY STUDIES by Philip (1957) and Gard-
ner (1958), the search for analytical solutions to
Richards’ (1931) flow equation has yielded a variety of
mathematical expressions describing the water content
distribution in unsaturated zones (Raats, 2001; Raats
et al., 2002). Many analytical solutions describe the down-
ward water movement that is induced by infiltration
(Philip, 1969; Warrick et al., 1985; Srivastava and Yeh,
1991; Warrick et al., 1991; Ross and Parlange, 1994;
Chen et al., 2003). In reality, other processes, such as
plant root water uptake and capillary rise etc., also affect
the vertical water movement. However, analytical solu-
tions capable of handling the abovementioned three
processes simultaneously are scarce.

Analytically solving Richards’ equation with various
initial and boundary conditions is challenging because of
the highly nonlinear relationship between the hydraulic
conductivity and the pressure head. Linear or quasilinear
approximations are usually needed to facilitate mathemat-
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ical formulation. Based on the nature of the linearization
and/or approximation of Richards’ equation, the exist-
ing analytical solutions may be divided into two classes;
one uses exponential constitutive relationships (Gard-
ner, 1958; Warrick, 1975; Lomen and Warrick, 1978; Sri-
vastava and Yeh, 1991; Basha, 2000; Chen et al., 2003),
the other uses power law forms (Van Genuchten, 1980;
Broadbridge and White, 1988; Ross and Parlange, 1994;
Warrick and Parkin, 1995; Kim et al., 1996; Hogarth and
Parlange, 2000). Analytically solving Richards’ equation
with a sink term describing root water uptake is ex-
tremely difficult because the uptake is related to a range
of variables, such as root depth, water content, and
salinity (Feddes and Raats, 2004). Existing analytical
solutions to this problem usually assume that root water
uptake is an exponential function of root depth to ease
the mathematical derivation (Raats, 1974; Rubin and
Or, 1993; Basha, 2000; Schoups and Hopmans, 2002). In
reality, many modelers rely on numerical approximation
schemes to simulate the hydraulic behavior of the unsat-
urated soils with root water uptake (Neuman et al.,
1975; Feddes et al., 1976; Van Dam and Feddes, 2000).
However, numerical solutions usually require sophisti-
cated algorithms to overcome convergence and mass con-
servation problems (Milly, 1985; Celia et al., 1990; Van
Dam and Feddes, 2000). Although subject to more re-
strictive assumptions, analytical solutions are relatively
easy to implement and thus provide an effective means
for evaluating the accuracy of numerical schemes. War-
rick (1974) proposed steady-state solutions to Richards’
equation for exponential and discrete sink functions of
depth. Lomen and Warrick (1978) developed transient
solutions for the case that the sink term is a sequence
of time-dependent functions of depth. The complex
form of their solutions limits their applicability. Here
we develop a new set of analytical solutions to transient
flow for rooted soils with time-dependent varying sur-
face fluxes. The initial water contents are assumed to
be in steady state. Exponential water retention and hy-
draulic conductivity relationships are used to linearize
Richards’ equation, and the sink term is assumed to
be a function of depth. Lastly, analytical solutions to
transient flow in rooted soils with varying surface fluxes
are used and discussed through illustrative examples.

MATHEMATICAL FORMULATION

For one-dimensional flow in unsaturated soils with
root water uptake, the flow equation can be written as

i{K(@(‘;‘: + 1)} ~ S(z) = C(lb)%’ O=z=1L [i]

subject to an initial condition
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Fig. 1. Schematic of hypothetical water content (0) distribution in
unsaturated soils. 0, is the water content at saturation, 0, is the
residual water content, ET denotes evapotranspiration through
root water uptake, g, is time-dependent varying surface flux, and
q(z, t) is water flow below soil surface. Note that both ET and ¢
are positive upward.

P(z,0) = P(2), 2]
and boundary conditions
B(0,1) = U (3]

k(2] = -q0 [

where s is the pressure head (L), K(¥) is the hydraulic
conductivity (LT '), C(¥) = db/dys is the differential water
capacity (L71), 0 is the volumetric water content, S rep-
resents the root water uptake (T™'), z is the vertical co-
ordinate pointing upward (L) (see Fig. 1), Y, is the initial
pressure head specified in the domain (L), {5, is the pre-
scribed pressure head at the lower boundary (L), ¢,(¢)
is the time-dependent flux at the upper boundary (nega-
tive flux for infiltration, LT '), and ¢ is the time (T).
For mathematical convenience, we choose exponen-
tial models to describe the dependence of the hydraulic
conductivity and the water content on the pressure head,
that is, K() = K,e*¥ and 6 = 0, + (6, — 0,)e*V. The lat-
ter leads to C() = d0/dys = a(6, —6,)e**. Here K, is the
hydraulic conductivity (L T™!) at saturation, 6, is the
water content at saturation (L* L™?), and 6, is the residual
water content (L* L™?), and « is the soil pore-size distri-
bution parameter (L), which represents the reduction
rate of the hydraulic conductivity and water content as
yis usually negative in unsaturated soils. Using the Kirch-
hoff transformation (Gardner, 1958; Lu and Zhang, 2004).

K(q;)

O(z.0) = [ Ky = [5]
Richards’ equation can be linearized as
62<I> acp 10D

- 8S(z) = — 6

P @) =57, [6]

with initial and boundary conditions

D(2,0) = P(2) = ““explas(2)] 7]
D(0.1) = (1) = “exp(ain) 8]
[(‘f + a@]z ) = —q(1) [9]

where @ is called the matrix flux potential (L* T™!), D =
KJ/{a(6;, —6,)} is the soil moisture diffusivity (L? T™).

In this study, we assume that the initial soil water dis-
tribution is a steady state rather than a uniform profile.
In the following sections, we will derive the steady-state
solution and then use it as an initial condition for a
transient solution.

Steady-State Solutions

The steady-state matric flux potential ®; satisfies the
ordinary differential equation:

2
d*d; . dd; [10]
dz? dz
and the boundary conditions
K,
(0) = ~exp(atn) [11]
dd,
{ o 5} = —qo [12]
dZ z=L

where g, is the surface flux at the time ¢ = 0. Let
+ K, )

9o Ksexp(ouljl) z + gexp(albl) [13]
1+ oL a

then the steady-state equation and its boundary condi-
tions become

D, = ¢ -

d’¢ do
d2+ & —[S(z) + A] =0 [14]
®(0) =0 [15]
do _
[dz + ()L(])]Z = 0 [16]

where A = a(qy + Ke*¥)/(1 + aL). The solution to
Eq. [14] to [16] can be expressed formally as

0(2) = |, Gz, )[S(x) + Aldx [17]

where the Green function G(z, x) for this case is de-
fined as

X0 xp(as)] 0=s=z=L
Gles) = , o [18]
lexp(—az) — 1] 0=c=s=L

Combining Eq. [13], [17], and [18], one has

@ () = KRl = DL ey - 1

+ [[GExS@dx  [19]

Equation [19] gives a general solution to steady verti-



cal flow problems. For any given uptake term S as a func-
tion of z, the corresponding steady-state solution for
the matrix flux potential &, can be derived by carrying
out the integral in Eq. [19]. For complicated functional
forms of the uptake term S, the integral in Eq. [19] may
need to be evaluated numerically. However, for some
particular uptake functions, the steady-state solution
can be derived analytically through Eq. [19] as follows.

Uniform Root Uptake

In the simplest case, the root uptake term is a constant
S(z)=S,>0forall0 = z = L. Integrating Eq. [19] yields

@ (2) = Bl Z DL Do) — 17 +

%[(QL + Dexp(—az) — a(L — z) — 1] [20]

For z = 0, the matrix flux potential ®,(0) = Kexp(a)/a
,which is independent of the root uptake S and of course
consistent with Eq. [8] and [11].

Step Functions

In general, the depth of the rooted zone is less than that
of the vadose zone; that is, the root uptake takes place
only in the upper portion of the vadose zone. In this case,
the root uptake may be approximated by S(z) =S,H(z —
L,), where H(z — L) is the Heaviside function defined
asH(z—-L)=0for0=z=LandH(z - L) =1
for L, = z = L. Integrating Eq. [19] yields the steady-
state solution

>KSeXp[OL(¢1 —aly Dlexp(—az) — 1] +
W[exp(—az) -1 0=z=1L,
Dy(z) = Kexplan = 2)] | Dlexp(—az) — 1] +
So[a(L — Ly) + eXp(aLl)]exp(—az) _
(L = 2) + 1] Li=z=L

[21]

It is easy to check that both the steady-state solution
®, and its first-order derivative are continuous at 7 =
L,. In the case that L; = 0, that is, uniform root uptake
in the entire domain, from the second part of the solu-
tion we can verify that the above solution reduces to
Eq. [20]. On the other hand, if L., = L, that is, no uptake
at all, from the first part of this solution, we can easily
see that the term with uptake disappears.

More generally, if the uptake function S(z) is defined
as a piecewise step functionon 0=z, =z, =~ =<z,= L
as S(z) = 28:H(z — zi-1)H(z; — z), the steady-state
solution can be written as, for any z;,_; = 7 = z,

@ () = KR =2 4 Dofep(a) — 17 +

_ n 1
MES/'(ZJ —z) —— 28z ) -
a =1 Qj=j+1

k—1
exp(—az
p(T > Sjlexp(az;) — exp(azj-1)] —

Motz = 2) + 1 = explazis = 2] [22]

This particular case is of interest in connection with
observed root length or root mass in individual layers.

Exponential Uptake

The distribution function of root uptake may be ex-
pressed in an exponential form (Raats, 1974; Rubin
and Or, 1993; Schoups and Hopmans, 2002), S(z) =
Soexp[B(z—L)] where S is the maximum uptake at the
land surface (T~!) and 8 is a constant (L ™!) representing
the rate of reduction in root uptake. Carrying out the
integral in Eq. [19] yields

@) = KO =Dy Doy —agy — 17 +
Slexp[B(z — L)] — exp(~az — BL) + exp(—az) 1)
ap
SilexplB(z — L)] ~ exp(~az — BL))
ala + B) [23]

The steady-state pressure head and water content can
be computed from ¢ = (1/a) In(ad,/K;) and 6 = 6, +
a6, — 0,)D,/K,.

In case with L approaching infinity, Eq. [23] becomes

_ Qo _ So[a + B — aexp(=B2)]
®(2) a af(a + B) [24]

where Z = L — z is the depth below the land surface.
Given the assumption that hydraulic conductivity is a
linear function of water content (6) or matrix flux poten-
tial (®;), Eq. [24] has the similar form of the solution
given by Raats (1976, Eq. [16]).

Transient Solutions

The steady-state solution @ is now taken as the initial
condition @, for the transient problem Eq. [6] through
[9]. Taking the Laplace transformation, we have the ordi-
nary differential equation

2~ T ~

S S 25]
dz? dz D D s
with boundary conditions
d(0) = 22 [26]
s

{dq’ ¥ ad)} = —4(s) [27]

dZ z=L

where s is the Laplace-transform complex variable, ® =
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Fig. 2. Wetting profiles of (a) pressure head and (b) water content for soils without root water uptake (o« = 0.01 cm™!).

L(®), and g, = L(q,). Solving Eq. [25] to [27] and taking
the inverse of the Laplace transformation, we finally ob-
tain the matrix flux potential ® for transient flow (see
Appendix A for details)

D(z,1) = d(z) + 8Dexp{a(L2_z)]

2
()\ﬁ + Oi)sin(k,,L )sin(\,z)

>

n=1

G) = [[1a0 — ai@lexpl=D[x + L = jar 129

G() (28]

200 + o’L + 4L\

where )\, is the nth positive root of equation sin(AL) +
(2Ma)cos(AL) = 0. Note that the transient part in Eq.
[28] does not depend on the root uptake, which is due
to the assumption that the uptake term S(z) is time-
independent. The flux water flow below the land surface
at any time can be derived from ¢(z,t) = d®/dz + a®
and is given by

a(z.0) = qo + [ S@)dv — 8Dexp{°‘(LT_Z)}
(’\ﬁ + OLZZ)G(t)sin()\,,L)

s

n=1

Psin()\,,z) + AnCOS(Anz)] [30]

200 + oL + 4L\2 |2

In the case that g, is a constant, Eq. [28] can be simpli-
fied to

D(z,1) = Dy (2) — 8(q0 — ql)e"p[a(Lz_Z)}

i sin(\,L )sin(\,z)
oo 20 + 2L + 41N}

exp[—D()\ﬁ + (Z,z)z] [31]

where @, is the final steady-state solution of the transient
problem with surface flux g; and can be obtained on
replacing g, in ®, by g;. Correspondingly, Eq. [30] can
be simplified to
L L —

920 = a1+ [[S@ac + datg, - gexn L2
i sin(\,L)[sin(\,z) + 2\,cos(N\,2)]

200 + o’L + 4N2L

n=1

exp[—D()\ﬁ + 0{)t]
[32]

ILLUSTRATIVE EXAMPLES
AND DISCUSSION

In this section, we will discuss the analytical solutions
through numerical examples, in which we compute the
distributions of the pressure head, water content, and
water flux across a 100-cm soil profile with the lower
boundary confined by the water table (Fig. 1). The water
content at saturation and residual water content of the
soils are assumed to be 0.45 and 0.20 cm® cm ™~ (Sriva-
stava and Yeh, 1991). The hydraulic conductivity at satu-
ration is taken as 1.0 cm h™!. The initial water content
profile is assumed to be a steady-state profile with a sur-
face influx of 0.1 cm h™'; that is, g, = —0.1. Both constant
and varying surface fluxes are considered for the upper
boundary conditions.

Constant Surface Flux

In this case we assume that a constant infiltration of
0.9 cm h™! (i.e., ¢, = —0.9) occurs and lasts for at least
a few days. The transient distribution of the pressure
head and the water content can be computed based on
the solution (31) and the exponential hydraulic param-
eter models. Figures 2 and 3 show the computed distri-



100

80

60

z (cm)

40

20

z(cm)

¥ (cm)

100 '—

=0

80 —

60 —

20 —

020 0.25 0.30 0.35 0.40 045
6 (cm3 cm'a)

Fig. 3. Wetting profiles of (a) pressure head and (b) water content for soils without root water uptake (o« = 0.1 cm™).

butions of the pressure head and the water content for
homogeneous soils witha = 0.0l cm 'and « = 0.1 cm ™!,
respectively, for a period of 50 h. Note that the root
uptake is ignored in the two examples. The calculated
results are exactly the same as those of Srivastava and
Yeh (1991). Both the pressure head and water content
profiles are similar in shape because of the similar form
of the exponential hydraulic parameter model used. The
soil water moves faster in the soils with o« = 0.01 cm ™!,
but the time needed to reach the steady state is nearly
the same (about 50 h) due to the same surface boundary

@) .
100 2 EO 1 35 102050

80 —

60 |—

z(cm)

40

20 —

10

condition considered. This is especially the case near
the soil surface where the soil water content approaches
the steady state faster than further down in the soil.
In the presence of root water uptake, we consider a
rooted soil profile with a maximum root depth of 40 cm
(i.e., L; = 60 cm in Fig. 1) and assume that the dis-
tribution of root water uptake can be described by the
Heaviside function. The maximum water uptake at the
land surface (S;) is taken as 0.02 h™! for « = 0.01 cm™!,
and 0.0025 h™! for « = 0.1 cm .. Figures 4a and 4b show
changes in the water content distribution for such rooted
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Fig. 4. Comparison of wetting profiles in rooted soils under constant surface flux (¢; = 0.9 ecm h™"). (a) « = 0.0l em™, S; = 0.02h™ " (b) a =

0.1 cm ' and S, = 0.0025 h™ .
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0.1 ecm ! and S, = 0.0025 h % (c) Exponential surface input function.

soils during a period over 30 to 50 h. The initial water
content profile for the rooted soils with a = 0.01 cm™!
is much drier than that without root uptake (Fig. 2b).
The initial moisture profile approaches a new steady
state approximately 30 h after the beginning of the in-
crease in infiltration rate. On the other hand, the water
content profile of the rooted soils with a = 0.1 cm™! is
similar to that without root uptake (Fig. 3b), as the root
uptake component is relatively small, which accounts
for ~11% of the infiltration.

Time-Dependent Surface Flux

In reality, the upper boundary conditions always vary
with time as a result of agricultural practices and weather

forcing, for example, irrigation, rainfall and evaporation,
etc. Here we consider that the surface flux is an expo-
nentially decaying function of time, namely ¢,(¢) = gy +
dexp(kt) where 8 = —0.8 cm h™'and k = —0.1 h™!. This
simple surface flux model allows g, to approach g, when
t becomes sufficiently large (Fig. 5¢). The moisture con-
tents at any time and depth are computed through Eq.
[28] using the exponential surface flux model and the
results are presented in Fig. 5a and 5b for the rooted
soils. Both of the rooted soils receive the same amount
of water from the upper boundary, but exhibit rather
different patterns of the water content distributions. The
soil profile with a = 0.01 cm ™! is on average wetter than
the soil with @ = 0.1 cm™! even though the amount of
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in ¢,(t) = q, + dexp(kt), d = —0.8 cm h™

water loss through root uptake is larger than that re-
ceived from infiltration. This is because the larger root
water uptake in the soil with « = 0.01 cm™! favors the
capillary rise that brings water from the water table into
root zones. On the other hand, the impact from the rapid
change in g, on the soil moisture content is much deeper
in the soil with @ = 0.1 cm ™! and the response time in-
creases with the increasing depth.

To evaluate the transient water flow in response to
changes in the surface flux, we use Eq. [30] to compute
the flow (g,) at the interface between the root zone and
subsoil and the flow at the water table (¢;) (Fig. 6). In
the rooted soil with « = 0.01 cm™! (Fig. 6a and 6b) the
difference between ¢, and g; is relatively small. Both ¢,
and ¢; approach —0.1 cm h™! for the constant surface flux
and 0.7 cm h™! for the exponentially decaying surface
flux when ¢ > 50 h. Note that the positive values of ¢,
and g; suggest that water moves upward, that is, capillary
rise. In the cases of constant surface flux (Fig. 6a and
6¢) the absolute value of g, is always not less than that
of ¢s, while in the cases of varying surface flux (Fig. 6b
and 6d) the absolute value of ¢, is not always greater
than that of ¢;. It is easy to check the mass is conservative
in all the cases. Additionally, the response time of g, is
usually shorter than that of g;. The time lag is likely
associated with the hydraulic conductivity.

SUMMARY AND CONCLUSIONS

We solved Richards’ equation for water flow in unsat-
urated, rooted soils under time-dependent varying upper
boundary conditions. The analytical solutions are based

on assumptions that (i) the hydraulic conductivity and
water content are exponential functions of the pressure
head, (ii) the initial water contents are in steady state,
and (iii) the distribution of root water uptake is a func-
tion of depth. Both steady state and transient solutions
are given and discussed through illustrative examples.
Equation [28] gives an alternative single form of the
one-dimensional solutions of Basha (2000, their Eq. [24],
[26], [38], and [51]). The analytical solutions are validated
by comparing the computed pressure head and water
content using other analytical solutions (Srivastava and
Jim Yeh, 1991). The analytical solutions are useful to pre-
dict the vertical distribution of the water content and the
water flux. This analytical solution is not applicable in
cases where the exponential hydraulic parameter model
is not appropriate. An implicit assumption of a shallow
water table with a fixed depth is needed for the solu-
tions, that is, water table does not rise with infiltration or
fall with root water uptake. Another limitation of the
analytical solutions is imposed by the assumption related
to the sink term of root water uptake. In reality, the dis-
tribution of root uptake is not only a function of depth
but also related to other factors, for example, water con-
tent, salinity, and even plant physiological parameters.
Nevertheless, the analytical solutions provide an addi-
tional tool for validating and/or checking the accuracy
of numerical schemes.

APPENDIX A

In equations [25]-[27], let ® = ¢ + d,/s, we obtain
equations for the new variable ¢



o do s
4z + adz Dq) 0 [A1]
0(0) = [A2]
s L g [A3]
dZ z=L N

The characteristic equation for Eq. [A1] is
N+ ok -~ =0 [A4]
D

and its two solutions are

2
)\12:94_ i-l-g:—giA [AS]
2 VD 2

The general solution of ¢ can be written as
0(z) = Ciexp(\iz) + Crexp(\y2) [A6]

where C; and C, are constants to be determined. Using
boundary conditions [A2] and [A3], one can solve these
two constants

C =-C = exp(al/2) qols — Gu(s)
%sinh(AL) + Acosh(AL) (A7)
and
0(z) = exp[a(l‘z_ Z)L qu/s ~ ,(s)]sinh(Az)
Esmh(AL) + Acosh(AL) [AS]

The Laplace transformed variable ® can be written as
(L — 2)| [gds — gi(s)]sinh(Az)

%sinh(AL) + Acosh(AL)

[A9]

®(z) = (I)SEZ) + exp[

The solution of Eq. [6] to [9] is given as

L —
a2 = 0 2) + e LD, - 0] * L71F)
[A10]
where the symbol * represents convolution, and

sinh(Az)

F(s) = [A11]

%Sinh(AL) + Acosh(AL)

Finding the inverse of Laplace transformation of func-
tion F(s) is equivalent to finding the sum of all residues
of e” F(s) at poles of F(s), at which the denominator of
F(s) is zero; that is,

%sinh(AL) + Acosh(AL) = 0 [A12]

We get all poles of F(s) by setting A = i\,, or s =
2
—D(\2 + %),where \, satisfies

sin(LL) + 2Mcos(VL) = 0 [A13]
o
2
Since the residue of e” F(s) at s = —D(\2 + %) is

2
Res[exp(st)F(s),—D()\f, + (Z)] =
o?) . .
()\ﬁ + 4>sm()\,,L)sm()\,,z) R
8D ex —D()\ﬁ + O‘)x
2o+ oL+ a0 4 )"
[A14]

the inverse transformation of F(s) can be derived as
L™{F(s)} =

2
()\5 + 0Lz)sinO\nL )sin(\,.z)

o0 2
8D —D(xg + $>z
2wl v ool 2 )"
[A15]
Finally, we solve the Kirchhoff transformed variable ®
d(z,t) = O(z) + 8Dexp{a(L2_Z)} >
n=1
0L2
()\ﬁ + 4)sin()\,,L )sin(A\,z)
o’L + 200 + 4L\
t OL2
qo — qi(7)]ex —D()x,%%—)t—*r dr
J 90— aiexel ) N
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