
Cleveland State University Cleveland State University 

EngagedScholarship@CSU EngagedScholarship@CSU 

Physics Faculty Publications Physics Department 

3-10-2010 

Optical Caustics Observed in Light Scattered by an Oblate Optical Caustics Observed in Light Scattered by an Oblate 

Spheroid Spheroid 

James A. Lock 
Cleveland State University, j.lock@csuohio.edu 

Feng Xu 

Follow this and additional works at: https://engagedscholarship.csuohio.edu/sciphysics_facpub 

 Part of the Physics Commons 

How does access to this work benefit you? Let us know! How does access to this work benefit you? Let us know! 

Original Citation Original Citation 
Lock, James A. and Feng Xu. "Optical Caustics Observed in Light Scattered by an Oblate Spheroid." 
Applied Optics 49 (2010): 1288-1304. 

Repository Citation 
Lock, James A. and Xu, Feng, "Optical Caustics Observed in Light Scattered by an Oblate Spheroid" (2010). Physics 
Faculty Publications. 73. 
https://engagedscholarship.csuohio.edu/sciphysics_facpub/73 

This Article is brought to you for free and open access by the Physics Department at EngagedScholarship@CSU. It 
has been accepted for inclusion in Physics Faculty Publications by an authorized administrator of 
EngagedScholarship@CSU. For more information, please contact library.es@csuohio.edu. 

https://engagedscholarship.csuohio.edu/
https://engagedscholarship.csuohio.edu/sciphysics_facpub
https://engagedscholarship.csuohio.edu/sciphysics
https://engagedscholarship.csuohio.edu/sciphysics_facpub?utm_source=engagedscholarship.csuohio.edu%2Fsciphysics_facpub%2F73&utm_medium=PDF&utm_campaign=PDFCoverPages
https://network.bepress.com/hgg/discipline/193?utm_source=engagedscholarship.csuohio.edu%2Fsciphysics_facpub%2F73&utm_medium=PDF&utm_campaign=PDFCoverPages
http://library.csuohio.edu/engaged/
https://engagedscholarship.csuohio.edu/sciphysics_facpub/73?utm_source=engagedscholarship.csuohio.edu%2Fsciphysics_facpub%2F73&utm_medium=PDF&utm_campaign=PDFCoverPages
mailto:library.es@csuohio.edu


Optical caustics observed in light scattered
by an oblate spheroid

James A. Lock1,3 and Feng Xu2,4

1Department of Physics, Cleveland State University, Cleveland, Ohio 44115, USA
2Fachgebiet Strömungslehre und Aerodynamik, Technische Universität Darmstadt,

Petersenstrasse, 30, 64289 Darmstadt, Germany
3j.lock@csuohio.edu
4f3_xu@yahoo.com

Received 13 November 2009; revised 27 January 2010; accepted 29 January 2010;
posted 29 January 2010 (Doc. ID 119690); published 4 March 2010

The electromagnetic fields scattered when a plane wave is incident on an oblate spheroid in the side-on
orientationmay be calculated using a generalization of Mie theory, and the results may be decomposed in
a Debye series expansion. A number of optical caustics are observed in the computed scattered intensity
for the one internal reflection portion of the Debye series for scattering angles in the vicinity of the first-
order rainbow, and are analyzed in terms of the rainbow, transverse cusp, and hyperbolic umbilic caustics
of catastrophe optics. The specific features of these three caustics are described, as is their assembly into
the global structure of the observed caustics for spheroid scattering. It is found that, for a spheroid whose
radius is an order of magnitude larger than the wavelength of the incident light, the interference struc-
ture accompanying the transverse cusp and hyperbolic umbilic caustics is only partially formed. © 2010
Optical Society of America

OCIS codes: 260.1960, 290.4020.

1. Introduction

When a plane wave is incident on an oblate spheroid
in the side-on orientation, the scattered intensity
observed on a distant viewing screen exhibits a num-
ber of prominent and interesting optical caustics.
Although these caustic structures were experimen-
tally observed [1] and successfully described in terms
of approximate theoretical models [2–9] a number of
years ago, to the best of our knowledge they have
never been examined using exact electromagnetic
theory (see, however, Fig. 1c of [10]), such as the ex-
tension of Mie theory to scattering by a homogeneous
spheroid [11–14]. The purpose of this paper is to
identify and interpret these caustic structures in
the numerical solution of the exact electromagnetic
equations when the spheroid’s radius is about 12
times the wavelength of the incident light.

The interpretation of the structures observed in
the calculated scattered intensity requires an under-
standing of the properties of a number of optical
caustics. These scattering caustics and their asso-
ciated diffraction patterns possess two levels of struc-
ture, an overall or global structure, and a local
structure in the vicinity of the global caustic’s point
of greatest focusing [15,16]. It is well known that the
rainbow, the simplest of all the caustics, is incomple-
tely formed for scattering by a small size parameter
sphere. The fine details of the rainbow’s interference
structure become fully resolved only when the sphere
size parameter becomes very large [17]. Similarly, it
is of interest to determine which properties of the
more complicated caustics associated with spheroid
scattering are resolved when the spheroid radius
is only an order of magnitude larger than the inci-
dent wavelength.

The electromagnetic fields scattered by a spheroid
can be decomposed into an infinite series of terms
known as the Debye series, where the individual
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contributions to wave scattering corresponding to
diffraction-plus-reflection, transmission, and trans-
mission following p − 1 internal reflections can be
isolated and studied individually [18]. Each scatter-
ing caustic is associated with a single Debye process.
If the total scattered intensity were calculated, the
appearance of the caustics associated with a single
Debye process would be masked or obscured by light
scattered at the same angle by all the other pro-
cesses, and by its interference with the specific pro-
cess being studied. To eliminate these masking
effects, the calculations reported here consider only
the p ¼ 2 Debye process of transmission following
one internal reflection. Our results are, thus, the
small size parameter wave scattering analog of
Figs. 2a–2e of [9], which were obtained using ray
optics. The caustics examined here would be more
completely formed if the scattered intensity could
be calculated exactly for a much larger spheroid.
But it is not at present feasible to do so because of
difficulties encountered when the radial and angular
spheroidal functions are computed for large spher-
oids having a large vertical-to-horizontal axis ratio
[19]. But of even greater concern are the seemingly
unavoidable numerical instabilities encountered
due to the ill-conditioned nature of the large system
of simultaneous linear equations resulting from the
boundary condition matching that must be solved for
the scattered field.
The body of this paper is organized as follows. In

Section 2 we describe the scattering geometry and
define the notation used in the remainder of this
paper. In Sections 3–5 we recount, extend, and phys-
ically interpret the formulas for the various proper-
ties of the rainbow, transverse cusp, and hyperbolic
umbilic caustics using catastrophe optics methods
applied to scattering by an oblate spheroid. The
methods of catastrophe optics quantitatively de-
scribe the local structure of what are called structu-
rally stable optical caustics, and can sometimes
provide information concerning the global caustic
structure, as well [15,16]. In Section 6 we present
our numerical results for p ¼ 2 scattering by a spher-
oid whose size parameter is 2πa=λ ≈ 73, and interpret
the features observed in the scattered intensity in
the context of the theoretical development of Secs. 3–
5. Transverse cusp caustics have also been observed
[20–22] for scattering of a plane wave by an oblate
spheroid with p ≥ 3. In addition, a more complicated
caustic progression has been predicted and observed
[9,23,24] at larger spheroid radius ratios for p ¼ 2
scattering. These higher p ¼ 2 caustics and the caus-
tics for p ≥ 3 are not examined in this paper.

2. Scattering Geometry

To motivate the scattering geometry, we first consid-
er a sphere of radius a and real refractive index n
whose center is at the origin of an x; y; z rectangular
coordinate system. A collection of parallel light rays
of wavelength λ and wave number k ¼ 2π=λ traveling
in the positive z direction is incident on the sphere. In

this section, we are primarily interested in trans-
verse electric (TE) polarized rays incident on the
sphere in the horizontal zx plane and whose electric
field vector points in the vertical y direction, as is il-
lustrated in Fig. 1. We choose one of the incident rays
to be the central ray and follow its path through the
sphere to the scattering far zone. The central ray
makes an angle θi0 with respect to the normal to
the sphere surface. Its deflection angle after under-
going p − 1 internal reflections within the sphere
before exiting is

Θ0 ¼ ðp − 1Þπ þ 2θi0 − 2pθt0; ð1Þ
where θt0 is the angle between the central ray inside
the sphere and the normal to the sphere surface, and

sinðθi0Þ ¼ n sinðθt0Þ: ð2Þ

The angle θi0 is positive if the central ray is incident
on the sphere with x > 0, and the deflection angleΘ0
is positive when measured clockwise from the posi-
tive z axis. A viewing screen is placed in the scatter-
ing far zone perpendicular to the Θ0 ray, and the
origin of the viewing screen coordinate system is
taken to be the point where the Θ0 ray intersects
the screen. We wish to determine the scattered field
in the vicinity of the origin of the viewing screen.
Other incoming rays near the central ray have the
angle of incidence

θi ¼ θi0 þ ε; ð3Þ
and the deflection angle

Θ ¼ Θ0 þΔ; ð4Þ

Fig. 1. Geometry for the physical optics model for a plane wave
scattered by a sphere or by an oblate spheroid. The central incident
ray makes an angle θio with the normal to the spheroid surface in
the horizontal zx plane. The central ray’s scattering angle is Θo.
The wv plane, with w horizontal and v vertical, is the spheroid’s
exit plane. A far-zone viewing screen is normal to the Z axis
and has its origin at the point where it intersects the exiting cen-
tral ray. The angular position of a point on the exit plane with re-
spect to this origin is ΔH in the horizontal direction and ΔV in the
vertical direction.
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where

Θ ¼ ðp − 1Þπ þ 2θi − 2pθt; ð5Þ

sinðθiÞ ¼ n sinðθtÞ: ð6Þ

When Δ is positive, the deflection angle of the ray in
question is larger than that of the central ray. Thus,
for p ¼ 2 scattering in the vicinity of the rainbow,
rays with positive Δ are closer to the backscattering
direction than is the central ray.
We also consider a second set of rectangular coor-

dinates rotated clockwise in the zx plane with respect
to the original coordinate system by the angle Θ0.
The rotated x, y, and z axes will hereafter be called
w, v, and Z, respectively, and are also shown in Fig. 1.
The wZ plane is horizontal and the v axis is vertical.
When calculating the optical path length of various
rays through the sphere, a number of previous
authors [25–27] have taken the sphere’s entrance
plane to be tangent to it at z ¼ −a, and the exit plane
tangent to it at Z ¼ a. In this paper, we use another
choice [28,29] for the entrance and exit planes for
reasons that will become apparent when we consider
the transverse cusp and hyperbolic umbilic caustics
in Sections 3 and 4. Specifically, after calculating the
optical path length of a ray in the zx plane from z ¼
−a to Z ¼ a, we proceed to move the entrance plane
forward to z ¼ 0 and move the exit plane back to
Z ¼ 0, as if the sphere were absent. Thus, for exam-
ple, if the optical path length of the central ray were
2a½1þ np cosðθt0Þ − cosðθi0Þ� from z ¼ −a to Z ¼ a, it
would be 2a½np cosðθt0Þ − cosðθi0Þ� from z ¼ 0 to
Z ¼ 0. We hereafter call Φð0Þ the phase associated
with the optical path length of the central ray. The
shape of the outgoing wavefront as a function of w
and v near the origin of the sphere’s exit plane is
Φðw; vÞ. Since w and v will be considered small,
the outgoing wavefront is Taylor series expanded
in powers of w and v.
In the physical optics model of wave scattering, the

outgoing wavefront in the exit plane centered on the
deflection angle Θ0 is Fraunhofer diffracted a large
distance Z to give the scattered field as a function
of ΔH and ΔV , the horizontal and vertical angular
displacements, respectively, with respect to Θ0 on
the far-zone viewing screen. As is seen in Fig. 1, a
positive angle ΔH on the viewing screen corresponds
to the negative w direction on the exit plane, and a
positive angle ΔV corresponds to the positive v direc-
tion. The physical optics model scattered field is [30]

EðΔH ;ΔVÞ ¼ ð−ik=2πZÞ expðikZÞt210ðr110Þp−1t120

× ðQHQVÞ1=2
Z∞

−∞

dw
Z∞

−∞

dv expfi½Φðw; vÞ

þ kwΔH − kvΔV �g; ð7Þ
where t210, r110, and t120 are the TE-polarized Fres-
nel coefficients evaluated at θi0 for transmission from

the air (medium 2) into the sphere (medium 1), inter-
nal reflection within the sphere, and transmission
back out, respectively. The factors QH and QV are
the ray density amplification factors in the horizon-
tal and vertical directions from the sphere’s entrance
plane to its exit plane. They describe the fanning out
or constriction of a ray tube formed around the cen-
tral ray as the ray propagates from the entrance
plane to the exit plane [31]. The infinite limits of
integration in Eq. (7) neglect the physical constraint
that, in practice, the phase front is cut off by a finite
effective aperture. In general, these omitted regions
correspond to rapidly destructive interference,
which produces only a negligible contribution to the
integral.

3. Rainbow Caustic

The rainbow caustic, also known as the Airy caustic
or fold caustic in the terminology of catastrophe op-
tics, is a two-ray-to-zero-ray transition [15]. For scat-
tering by a sphere following p − 1 internal reflections,
the Taylor series expansion of the outgoing wave-
front in the exit plane for Θ0 in the vicinity of this
caustic is

Φðw; vÞ ¼ Φð0Þ þ kw2=2Ra − khw3=3a2

þ kv2=2Saþ…; ð8Þ

whereR, h, and S are dimensionless, and h and S are
assumed to be positive. The quantities R and S are
the radii of curvature of the wavefront at the origin of
the exit plane in the w and v directions, respectively,
in units of a. A ray-tracing analysis for this geometry
gives

R ¼ − cosðθi0Þ=½2ð1 − pA0Þ�; ð9Þ

h ¼ ½sinðθi0Þ=cos3ðθi0Þ�
× ½ð1 − pA0

3Þ − 4ð1 − pA0Þ3�; ð10Þ

S ¼ − cosðΘ0Þ sinðθi0Þ= sinðΘ0Þ; ð11Þ

QH ¼ 1; ð12Þ

QV ¼ j1= cosðΘ0Þj; ð13Þ
where

A0 ¼ cosðθi0Þ=½n cosðθt0Þ�: ð14Þ
The quantities R, h, and S are functions of the choice
of central ray θi0. If the central ray is taken to be the
Descartes rainbow ray (hereafter denoted by r) for
p ≥ 2, one has [32]
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cosðθirÞ ¼ ½ðn2
− 1Þ=ðp2

− 1Þ�1=2; ð15Þ

Ar ¼ 1=p; ð16Þ

R → ∞; ð17Þ

hr ¼ ðp2
− 1Þ sinðθirÞ=½p2cos3ðθirÞ�

¼ ðp2
− 1Þ2ðp2

− n2Þ1=2=½p2ðn2
− 1Þ3=2�: ð18Þ

With this choice of central ray, the smaller impact
parameter supernumerary rainbow ray with ε < 0
crosses the exit plane [33] at a negative value of w
and has a longer path length, while the larger impact
parameter supernumerary ray with ε > 0 crosses the
exit plane at a positive value of w and has a shorter
path length. Thus, with our convention of h being
positive, a minus sign precedes it in Eq. (8). If one
were interested in the scattered field on the viewing
screen due to a single ray, the wavefront of Eq. (8)
would again be substituted into Eq. (7), but without
the term proportional to w3. Since Θ0 is assumed
here to be in the rainbow supernumerary region
where two rays contribute at each scattering angle,
the presence of the w3 term insures that two rays
participate, and smoothly joins the two locally para-
bolic wavefronts in the exit plane centered on the in-
dividual supernumerary rays. When Θ0 ¼ Θr, the
positive and negative horizontal curvatures of the
wavefronts of the two supernumerary rays in the exit
plane are effectively averaged to produce zero curva-
ture, i.e., the R → ∞ condition of Eq. (17). The in-
creased focusing caused by this locally flat exiting
wavefront in the horizontal direction produces the
main peak in the rainbow intensity in the vicinity
of Θr.
In the short wavelength limit, the rainbow caustic

in the zx plane extends from the sphere surface,
through the scattering near zone to the far zone,
and is given by

zr=a ¼ sinðΘ0Þ sinðθi0Þ
þ fcosðΘ0Þ cosðθi0Þ=½2ð1 − pA0Þ�g;

xr=a ¼ cosðΘ0Þ sinðθi0Þ
− fsinðΘ0Þ cosðθi0Þ=½2ð1 − pA0Þ�g:

ð19Þ

If n ¼ 4=3 and 0 ≤ θi0 < θir, the quantity 1 − pA0 is
negative, the rainbow caustic is virtual, and it ex-
tends from the sphere surface at ðz; xÞ ¼ ða; 0Þ toward
the asymptote [33] at the far-zone rainbow scattering
angle. For this θi0 interval, the horizontal radius of
curvature R is positive, corresponding to rays inter-
secting the exit plane in the horizontal direction as
they diverge from an effective point source on the vir-
tual caustic. For θir < θi0 ≤ π=2, the quantity 1 − pA0
is positive, the rainbow caustic is real, and it extends

from the opposite end of the asymptote at the far-
zone rainbow scattering angle to the sphere surface
at ðz; xÞ ¼ ½a cosðΘ0 − θi0Þ;−a sinðΘ0 − θi0Þ�. For this
θi0 interval, the horizontal radius of curvature R is
now negative, corresponding to rays intersecting
the exit plane in the horizontal direction as they con-
verge toward an effective point source on the real
caustic. There is also a virtual axial spike caustic
[34] formed by the backprojection of the rays in all
planes of incidence with the same deflection angle
Θ0. These projections all cross the z axis at

z ¼ a sinðθi0Þ= sinðΘ0Þ: ð20Þ

The positive vertical radius of curvature S in Eq. (8)
in the vicinity of the rainbow corresponds to rays in-
tersecting the exit plane in the vertical direction
as they diverge from an effective point source on
the virtual axial spike caustic.

Substituting Eqs. (8) and (17) into Eq. (7) with the
choice of central ray Θ0 ¼ Θr, and not taking into ac-
count the slow variation of the Fresnel coefficients
and the wavefront amplitude across the exit plane,
the scattered field on the viewing screen in the vici-
nity of the Descartes rainbow angle for ΔV ¼ 0 and
ΔH small is

EðΔH ; 0Þ ¼ expfi½kZþΦð0Þ − π=4�gfðkaÞ7=6ð2πÞ1=2
=½ðkZÞhr

1=3�g½sinðθirÞ= sinðΘrÞ�1=2
× t21rðr11rÞp−1t12r
× Ai½−ðkaÞ2=3ΔH=hr

1=3�: ð21Þ

The Airy function AiðXÞ is defined by the diffraction
integral [35]

Aið−XÞ ¼ ð31=3=2πÞ
Z∞

−∞

dw expfi½w3
− ð3Þ1=3Xw�g:

ð22Þ

Using the stationary phase approximation, the Airy
function for X, evaluated not too close to the caustic
position X ¼ 0 in the short wavelength limit, is [36]

Aið−XÞ ≈ 1=ðπ1=2X1=4Þ cosð2X3=2=3 − π=4Þ for X > 0

≈1=ð2π1=2jX j1=4Þ expð−2jXj3=2=3Þ for X < 0:

ð23Þ

The X > 0 region describes the supernumerary inter-
ference pattern and the X < 0 region describes the
faster-than-exponential falloff of the contribution of
the complex ray. For p ¼ 2 scattering, the supernu-
merary region occurs for positive ΔH corresponding
to Θ > Θr.
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4. Transverse Cusp Caustic

The cusp caustic of catastrophe optics is a three-ray-
to-one-ray transition [15] whose canonical form is
given by the diffraction integral [37]

PðX;YÞ ¼
Z∞

−∞

dw exp½iðw4 þ Xw2 þ YwÞ�: ð24Þ

The properties of this integral have been studied by
Pearcey [37] and by Connor and Farrelly [38]. In the
short wavelength limit, the equation of the cusp is

−ð2X=3Þ3 ¼ Y2: ð25Þ

The cusp point is at ðX ;YÞ ¼ ð0; 0Þ and the cusp
opens toward negative values of X. A stationary
phase evaluation of Eq. (24) for Y ¼ 0 and X evalu-
ated not too close to the cusp point gives [38]

PðX; 0Þ ≈ ðπ=XÞ1=2 expðiπ=4Þ for X > 0

≈ ðπ=jXjÞ1=2 expð−iπ=4Þ½1þ ið2Þ1=2 expð−iX2=4Þ�
for X < 0: ð26Þ

The falloff of the Pearcey function along theX axis for
X > 0 in Eq. (26) is much slower than that of the Airy
function, and is the cause of the long cusp tails seen
in photographs of the caustic [39].
For the remainder of this paper, we are concerned

with p ¼ 2 scattering of a plane wave by an oblate
spheroid with side-on incidence. The spheroid has
radius a in the horizontal zx plane and radius b < a
along the vertical y axis. For scattering with side-on
incidence when a=b is greater than some threshold
value, a pair of transverse cusp caustics is experi-
mentally observed [1] on a distant viewing screen.
The cusps are centered on the horizontal axis be-
tween the backscattering direction and each of the
locations where the p ¼ 2 rainbow crosses the hori-
zontal axis. The cusps point toward the rainbows
(see Fig. 2b of [9]). Each transverse cusp, together
with its nearby rainbow caustic that becomes in-
creasingly curved for spheroid scattering, form a hy-
perbolic umbilic caustic [15] that will be discussed in
Section 5. As a=b increases, the cusps approach the
rainbow caustics, then touch them, producing the
focal section of the hyperbolic umbilic caustic (here-
after called hufs) and, finally, retract away from the
rainbows (see Figs. 2c, 2d of [9]). The reason the rain-
bow becomes increasingly curved on the viewing
screen in the local region centered on the horizontal
axis is connected with the global structure of the
caustic. Rays incident on the spheroid in the horizon-
tal plane continue to reflect and refract from the
circular cross section of radius a and, thus, have
the same Descartes rainbow angle as for sphere scat-
tering. But rays incident on the spheroid in the ver-
tical direction reflect and refract from an elliptical
cross section, where the rainbow scattering angle

increases toward 180° as a function of a=b, in accor-
dance with the Mobius prediction [40,41]. For unpo-
larized light and for a=b less than the hufs condition
to be given below in Eq. (34), the global rainbow caus-
tic observed on the viewing screen that had been
circular for sphere scattering now becomes increas-
ingly flattened in the vertical direction for spheroid
scattering. This flattening of the global rainbow
caustic increases the localized curvature of the rain-
bow as it crosses the horizontal axis (see Fig. 2b of
[9]). The situation becomes more complicated, how-
ever, if either the incident light is unpolarized or
the scattered light passes through a polarizing filter
held by the observer. In this case, the TE-polarized
portion of the main peak of the flattened global rain-
bow caustic is observed as bright, while the TM-
polarized portion of the main peak is dim and is
angularly shifted with respect to the TE portion
[42]. The relative dimness of the TM portion of the
peak is a consequence of the fact that, for the refrac-
tive index of water, the angle θtr is quite close to the
Brewster angle, greatly suppressing the TM internal
reflection Fresnel coefficient.

When ΔV ¼ 0 on the viewing screen and the hori-
zontal radius of curvature of the outgoing wavefront
of the central ray is negative, the three rays partici-
pating in the transverse cusp caustic are the larger
impact parameter rainbow supernumerary ray con-
fined to the zx plane and two skew rays. The skew
rays enter the spheroid at equal distances yi0 above
and below the zx plane, internally reflect at the
spheroid equator in the zx plane, exit the spheroid
parallel to the zx plane with identical path lengths,
and interfere with the larger impact parameter
supernumerary ray on the viewing screen. On the
other hand, when the horizontal radius of curvature
of the outgoing wavefront of the central ray is posi-
tive, the first participating ray now becomes the
smaller impact parameter supernumerary ray. In
each case, the other supernumerary ray is present,
as well, but remains a spectator and does not parti-
cipate in the formation of the transverse cusp caustic.

When the horizontal radius of curvature is nega-
tive corresponding to a=b < ða=bÞhufs in Eq. (34),
the Taylor series expansion of the exit plane wave-
front for Θ0 in the vicinity of the transverse cusp
point (cp) is [4,5]

Φðw; vÞ ¼ −kw2=2Raþ kv2=2Sa − kgwv2=8a2 þ…;

ð27Þ

where the dimensionless quantities R and g are
taken to be positive and are functions of the central
angle θi0. When ΔV ¼ 0, the horizontal radius of cur-
vature of the larger impact parameter rainbow
supernumerary ray with ε > 0 has the same value
as for the sphere of Eq. (9). The wavefront of
Eq. (27) differs from that of the Airy caustic of
Eq. (8) by the addition of the third-order term propor-
tional to wv2 and the absence of the third-order
term proportional to w3. The absence of the term
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proportional tow3 indicates that only one of the rain-
bow supernumerary rays participates in the caustic.
The term proportional to wv2 insures that the two
skew rays participate, and smoothly joins the two lo-
cal regions of identical curvature centered on each of
these rays in the exit plane. For the existence of the
hyperbolic umbilic caustic described in Section 5, the
coefficients of the w3 and wv2 terms in the outgoing
wavefront in the exit plane must have the same sign.
If they had opposite signs, the resulting caustic
would instead be a three-cusped elliptic umbilic
[15,39]. Since we already know that the coefficient
of the w3 term is negative in the vicinity of the rain-
bow, the coefficient of the wv2 term must be negative,
as well, which we denote here as −g.
Using the generalized ray tracing method de-

scribed in [7,8], the vertical radius of curvature of
the supernumerary ray in the exit plane for p ¼ 2
spheroid scattering may be calculated and simplified
to

S ¼ fcosðθt0Þ=½nβð1 − βÞ�gf2β
− ½ð1 − A0Þ=ð2 − β − A0Þ�g − cosðθi0Þ; ð28Þ

where

β ¼ 2ða=bÞ2ð1 − A0Þcos2ðθt0Þ: ð29Þ

Again, using generalized ray tracing, the formula for
g is in general quite complicated. But whenΘ0 ¼ Θcp,
most of the terms vanish and the expression reduces
to

gcp ¼ 8ða=bÞ2 sinðθicpÞð1 − AcpÞ2= cosðθicpÞ: ð30Þ

As a sphere is distorted into an oblate spheroid, the
sphere’s axial caustics evolve into more complicated
structures. An example of such an evolution is the
glory caustic for scattering by a spherical bubble in
water, which opens to become a four-cusped asteroid
caustic for scattering by a spheroidal bubble [43–45].
The local transverse cusp caustic described in this
section is a portion of the global asteroid caustic
for spheroid glory scattering [2]. Only the two hori-
zontally pointing cusps are visible, however, because
the rays leading to what would have been the verti-
cally pointing cusps are extinguished by total inter-
nal reflection at the p ¼ 2 interface [9]. In like
manner, the virtual axial spike caustic of Eq. (20)
for p ¼ 2 scattering by a sphere also becomes more
complicated as the sphere evolves into a spheroid.
The vertical radius of curvature S of Eqs. (28) and
(29) is again the distance from an effective point
source on this more complicated caustic to the exit
plane. As the spheroid radius ratio a=b increases,
S becomes increasingly positive; it diverges and
changes sign when β ¼ 1, signaling the shifting of
the effective point source from the virtual portion
to the real portion of this caustic, and then becomes
decreasingly negative. The divergence of S at β ¼ 1

produces a locally flat wavefront in the vertical direc-
tion, which causes the increased focusing on the hor-
izontal axis near the cusp point seen in Fig. 1 of [37].
The behavior of the horizontal and vertical radii of
curvature of the outgoing wavefront at the origin
of the exit plane is shown in Fig. 2 as a function of
a=b and θi0.

The divergence of S when β ¼ 1 in Eq. (29) can be
used to determine θicp if one knows a=b. One obtains
[7,8]

cos2ðθicpÞ ¼ ½n2
− 2ða=bÞ2ðn2

− 1Þ�2=f4ða=bÞ2
× ½n2

− ða=bÞ2ðn2
− 1Þ�g: ð31Þ

The cusp point deflection angle Θcp is then obtained
by substituting Eq. (31) into Eqs. (1) and (2). Alter-
natively, Eq. (29) can be used to determine a=b if
the cusp point deflection angle is known from experi-
ment [1] and the central angle θicp is numerically
obtained from it, giving [3]

ða=bÞcp ¼ n=f2 cosðθtcpÞ½n cosðθtcpÞ − cosðθicpÞ�g: ð32Þ

Oblate spheroids whose a=b ratio is in the range of
[30,31]

n=½2ðn2
− 1Þ�1=2 ≤ a=b ≤ fn=½2ðn − 1Þ�g1=2; ð33Þ

corresponding to θicp ¼ π=2 and θicp ¼ 0, produce a
transverse cusp caustic for p ¼ 2 scattering centered
on the horizontal axis of the viewing screen to either
side of the backscattering direction. When a=b ¼
n=½2ðn2

− 1Þ�1=2 and θicp ¼ π=2, the cusp points first
form from the merging of the grazing incidence skew
rays with the larger impact parameter super-
numerary ray with grazing incidence. When a=b ¼
fn=½2ðn − 1Þ�g1=2 and θicp ¼ 0, the cusp points form

Fig. 2. The sign of the horizontal and vertical radii of curvature,
R and S, respectively, of the wavefront in the exit plane at the po-
sition of the central ray as a function of θio and a=b. The horizontal
radius R of Eq. (15) is infinite on the line VV 0, and the vertical
radius S of Eq. (28) is infinite on the line UU 0. The point h of
Eq. (34), at which both radii of curvature diverge, is the condition
for the hufs. The region above the line VV 0 is called region A, and
the region below VV 0 is called region B.
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in the backscattered direction from the merging of
the paraxial skew rays with the paraxial smaller im-
pact parameter supernumerary ray. At this same val-
ue of a=b, the p ¼ 2 rainbow in the vertical direction
occurs in the backscattering direction, as well, and
the central portion of the global caustic formed by
the joining of the cusps with the vertical rainbow
shrinks to a single point, and is flanked by the Airy
caustics still crossing the horizontal axis at the same
locations as before (see Fig. 2d of [9]). This gives the
central portion a long, thin appearance that resem-
bles a pair of lips, and which is known as a lips event
in the terminology of catastrophe optics [15]. When
θicp ¼ θir for p ¼ 2 scattering, the spheroid with
the radius ratio [2]

ða=bÞhufs ¼ ðn=2Þ½3=ðn2
− 1Þ�1=2 ð34Þ

has its cusp point touching the increasingly curved
rainbow caustic so as to form a V shape (see Fig. 2c
of [9]). The coalescence of these four rays is the focal
section of the hyperbolic umbilic caustic described in
Section 5.
Assuming Θ0 is in the vicinity of Θcp and the par-

ticipating supernumerary ray is the larger impact
parameter one, with a negative horizontal radius
of curvature as described above (i.e., region A in
Fig. 2), the scattered field can be reduced to Pearcey
form. Equation (27) is substituted into Eq. (7), the w
integral is evaluated exactly, and the v variable is
scaled, giving [4,5]

EðΔH ;ΔVÞ ≈ − exp½iðkaRΔH
2=2þ π=4Þ�fð2kaRÞ5=4

=½ðkZÞðπR2gÞ1=2�gPðX ;YÞ; ð35Þ

with

X ¼ −ð2kaRÞ1=2½ΔH − 4=ðSRgÞ�; ð36Þ

Y ¼ −2½ð2kaRÞ3=4=ðR2gÞ1=2�ΔV : ð37Þ

In Eq. (35) and hereafter, we suppress the central
phase Φð0Þ, the Fresenel coefficients, and the ray
density amplification factors. If the participating
supernumerary ray is the smaller impact parameter
one, with a positive horizontal radius of curvature R
(i.e., region B in Fig. 2), the field of the cusp caustic is
obtained by taking the negative of the complex con-
jugate of Eq. (35). No change in X and Y is needed for
R > 0 and Θ0 ¼ Θcp, since the Pearcey function is
symmetric in Y . The exponents of the spheroid size
parameter ka, appearing in both the amplitude factor
of Eq. (35) and the coordinates X and Y of Eqs. (36)
and (37), agree with Table 2 of [16]. The shape of the
caustic in the short wavelength limit for small ΔH
and ΔV is obtained either by substituting Eqs. (36)
and (37) into Eq. (25), or by setting both the gradient
and theHessian second derivative of Eq. (27) equal to

zero. This second approach may be physically moti-
vated as follows. The locus of zero Gaussian curva-
ture of the phase function in the exit plane as a
function of w and v is given by the vanishing of
the Hessian second derivative. As is illustrated in
Fig. 2 of [15] and Fig. 4.2 of [16], this locus is then
mapped into the shape of the caustic on the viewing
screen as a function ofΔH andΔV by the vanishing of
the gradient of the phase function. Using either
method of calculation, the shape of the transverse
cusp caustic is then

ð2R2g=27Þ½ΔH − 4=ðSRgÞ�3 ¼ ΔV
2; ð38Þ

independent of the size of the spheroid. The cusp
opens toward the backscattering direction, in agree-
ment with the experimental observations of [1]. If
Θ0 ¼ Θcp so that the vertical radius of curvature S
of the outgoing wavefront of Eq. (28) at the origin
of the exit plane diverges, the cusp point is located
at the origin of the viewing screen, and R and g
are evaluated using Eqs. (9) and (30), with the cen-
tral ray θicp, giving the opening rate

2R2g=27 ¼ ð4=27Þða=bÞ2 sinðθicpÞ cosðθicpÞ½ð1
− AcpÞ=ð1 − 2AcpÞ�2: ð39Þ

For scattering by a sphere in the physical optics
model, both at the rainbow angle and at any generic
angle other than the rainbow angle, the scattered in-
tensity turns out to be independent of the location of
the sphere’s entrance and exit planes due to cancel-
lations that occur in the factors jRQH j and jSQV j ap-
pearing in the scattered fields. Thus, choosing the
entrance and exit planes to be tangent to the sphere,
as in [25–27], is convenient in these situations. But
for the transverse cusp, when the central ray is cho-
sen so that Θ0 ¼ Θcp where S diverges, isolated fac-
tors of the horizontal radius of curvature R now
appear in Eqs. (36) and (37) whose values depends
on the location of the spheroid exit plane. If the exit
plane were chosen to be tangent to the spheroid at
Z ¼ a, there would always occur one central scatter-
ing angle in the rainbow supernumerary region for
whichR ¼ 0. This is because, at this scattering angle,
the w axis of the exit plane perpendicularly inter-
sects the near-zone real rainbow caustic of Eq. (19),
corresponding to the effective point source of the
outgoing rays lying in the exit plane. According to
Eqs. (36) and (37), if this were to happen, the angular
scale of the transverse cusp caustic would rapidly
vary near this scattering angle. This is not observed
experimentally. It is not evident to us that these iso-
lated factors of R within the Pearcey function would
be canceled by the multiplicative Fresnel coefficients
and ray density amplification factors we have chosen
to neglect here. Thus, moving the spheroid exit plane
back to Z ¼ 0, as was done in [28,29], insures that it
will never perpendicularly intersect the near-zone
real or virtual rainbow caustic and, thus, prevents
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the R ¼ 0 condition from occurring. This choice of
exit plane was used in deriving Eqs. (9)–(13), (28),
and (30).

5. Hyperbolic Umbilic Caustic

The hyperbolic umbilic caustic is a four-ray-to-two-
ray-to-zero-ray transition whose canonical diffrac-
tion integral is [15]

EðX;Y ;ZÞ ¼
Z∞

−∞

ds
Z∞

−∞

dt exp½iðs3 þ t3 − Zst − Xs − ZtÞ�:

ð40Þ
For p ¼ 2 scattering of a plane wave by an oblate
spheroid with Θ0 in the vicinity of this caustic in re-
gion A of Fig. 2, the Taylor series expansion of the
exit plane outgoing wavefront for small values of w
and v contains the third-order terms of both the Airy
and transverse cusp caustics [6]:

Φðw; vÞ ¼ −kw2=2Ra − khw3=3a2 þ kv2=2Sa

− kgwv2=8a2 þ…: ð41Þ

The dimensionless quantities R, h, and g are positive
and are functions of the central angle θi0. The pre-
sence of the terms proportional tow3 and wv2 signals
the participation in the caustic of both rainbow
supernumerary rays and both skew rays. The verti-
cal radius of curvature S is also a function of θi0.
Again, for constant θi0, S is positive when a=b <
ða=bÞcp, it diverges and changes sign when a=b ¼
ða=bÞcp, and it is negative when a=b > ða=bÞcp.
The shape of the hyperbolic umbilic caustic in the

short wavelength limit can be obtained by setting
both the gradient and the Hessian second derivative
of Eq. (41) equal to zero. Taylor series expanding the
result about the origin of the viewing screen in
powers of ΔH and ΔV in region A of Fig. 2, when
neither R nor S diverges, gives

ΔH ¼ −½1=ð4R2hÞ� þ ð8h2S2=gÞΔV
2=ðS=Rþ 8h=gÞ2

ð42Þ
for the parabolically curved Airy portion of the hyper-
bolic umbilic caustic and

ð2S2g=27Þ½ΔH − ð4=S2gÞðS=Rþ 4h=gÞ�3
=ðS=Rþ 8h=gÞ2 ¼ ΔV

2 ð43Þ

for the transverse cusp portion, independent of the
size of the spheroid. For region B in Fig. 2, the hor-
izontal radius of curvature is positive and, thus, the
quantity R in Eqs. (42) and (43) should be replaced
by −R.
Because catastrophe optics methods give quantita-

tive information only in the immediate neighborhood

of Θo, Eqs. (42) and (43) quantitatively describe both
branches of the hyperbolic umbilic caustic if the de-
flection angle of the cusp point and the Airy caustic
are angularly close to each other, as is the case for
points a and b in Fig. 2. If the central angle is chosen
so that Θ0 ¼ Θcp, the quantities R, g, and h are eval-
uated at θicp, the angles ΔH and ΔV are taken to be
with respect to Θcp, the transverse cusp caustic has
its point at ΔH ¼ 0, ΔV ¼ 0, and is identical to the
S → ∞ limit of Eq. (38). The Airy caustic crosses
the horizontal axis at ΔH ¼ −1=4R2h. On the other
hand, if the central angle is chosen so that
Θ0 ¼ Θr, the quantities S, g, and h are evaluated
at θir, the angles ΔH and ΔV are taken to be with re-
spect toΘr, and the parabolically curved Airy caustic
crosses the horizontal axis atΔH ¼ 0. The cusp point
occurs at ΔH ¼ 4=½ðS2gÞðS=Rþ 4h=gÞ�. But when the
deflection angle of the cusp point and Airy caustic
have a larger angular separation, as is the case for
points c and d in Fig. 2, only one of the branches
of the hyperbolic umbilic caustic is described quanti-
tatively by Eqs. (42) and (43). The choice Θ0 ¼ Θcp
provides a quantitative prediction of the cusp shape,
but gives only an approximation to the Airy caustic’s
shape, and the choice Θ0 ¼ Θr provides a quantita-
tive prediction of the Airy caustic’s shape, but gives
only an approximation to the cusp’s shape.

When a=b ¼ ða=bÞhufs and the central ray is chosen
to be the rainbow’s Descartes ray (point h in Fig. 2),
both R and S simultaneously diverge. One obtains
the V-shaped hyperbolic umbilic focal section for
small ΔH and ΔV :

�ð8h=gÞ1=2ΔV ¼ ΔH ; ð44Þ

independent of the size of the spheroid, where ΔH is
nonnegative, g and h are evaluated at θir, and the an-
gles ΔH and ΔV are taken to be with respect to Θr.

For each of the hyperbolic umbilic caustics ob-
served for side-on scattering by an oblate spheroid,
the locus of zero Gaussian curvature of the phase
function in the exit plane as a function of w and v
is the two disjoint branches of a hyperbola, as shown
in Fig. 3, which we denote as branch 1 and branch 2.
For the transverse cusp of Section 4, the locus is a
parabola, and for the elliptic umbilic caustic it is
an ellipse. When the vertical radius of curvature of
the wavefront is positive, such as at point d in Fig. 2,
the caustic image on the viewing screen of branch 1 of
the hyperbola is the cusp caustic of Eq. (43), and the
caustic image of branch 2 is the parabolic shaped fold
caustic of Eq. (42). This is illustrated in Fig. 3e of [15]
and Fig. 2.5e of [16]. In the experiments of [1], one
can imagine keeping the viewing screen centered
on the Descartes rainbow angle in the horizontal di-
rection, and continuously increasing a=b from point d
in Fig. 2 through the hufs of point h, to point e, where
the vertical radius of curvature is negative. At the
hufs, each of the branches of the hyperbola in the exit
plane evolves into a V-shape whose points now touch,
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forming an overall X shape. For larger a=b, the zero
Gaussian curvature locus in the exit plane relaxes
back to the original hyperbola, with its two disjoint
branches. The caustic image on the viewing screen of
this progression is the parabola and cusp merging
into two completely overlapping copies of the V-
shaped hufs of Eq. (44), and then relaxing back into
the parabolic fold and cusp caustics of Eqs. (42) and
(43), except now there has been an interchange of
identities. At point e in Fig. 2, the parabolic fold
on the viewing screen is the caustic image of branch 1
of the hyperbola in the exit plane, and the cusp is the
image of branch 2. This exchange of identities of the
cusp and fold is suggested by the crossing of the two
sheets of the caustic in Fig. 3e of [15] and Fig. 2.5e of
[16], and will later prove important in understanding
the scattering caustic’s global behavior as a function
of a=b.
For region A of Fig. 2, where the horizontal radius

of curvature of the central ray in the exit plane is ne-
gative, the field of the hyperbolic umbilic caustic is
obtained by substituting Eq. (41) into Eq. (7). The re-
sult can then be reduced to the canonical form of
Eq. (40) by the substitution

X ¼ ðka=2Þ2=3ð3=hÞ1=3f½ΔH − ð8h=gÞ1=2ΔV �
þ ð3=16S2hÞðS=R − 8h=gÞðS=Rþ 8h=3gÞg; ð45Þ

Y ¼ ðka=2Þ2=3ð3=hÞ1=3f½ΔH þ ð8h=gÞ1=2ΔV �
þ ð3=16S2hÞðS=R − 8h=gÞðS=Rþ 8h=3gÞg; ð46Þ

Z ¼ ðka=2Þ1=3ð3=hÞ2=3ð1=2SÞðS=Rþ 8h=gÞ: ð47Þ

The exponents of ka appearing in Eqs. (45)–(47)
agree with Table 2 of [16]. For region B in Fig. 2,
where the horizontal radius of curvature of the cen-
tral ray in the exit plane is positive, the quantity R in
Eqs. (45)–(47) should be replaced by −R.
The diffraction integral of Eqs. (7) and (41) for re-

gion A of Fig. 2 can be evaluated approximately for
ΔV ¼ 0 by using the method of stationary phase. We
first choose the central scattering angle as Θ0 ¼ Θr.
We also assume that both ΔH and Δcp are small,
where

Δcp ¼ 16h=ðgSÞ2; ð48Þ

so that Θcp is in the neighborhood of Θr, as well.
Then, if ΔH is in the interval ΔH < 0, the viewing
screen point is in the zero-ray region and, if
0 < ΔH < Δcp, the viewing screen point is in the
two-ray region, where the only participating rays
are the rainbow supernumerary rays. On the other
hand, if Δcp < ΔH, the viewing screen point is in
the four-ray region, where the two skew rays parti-

cipate, as well. WhenΔH is not too close to either zero
or Δcp, the scattered field in the stationary phase ap-
proximation is given by either the two or four indivi-
dual ray contributions added together:

Fig. 3. Locus of zero Gaussian curvature as a function of w and v
in the spheroid exit plane (left-hand figures) and its caustic image
as a function of ΔH and ΔV on the far-zone viewing screen (right-
hand figures). The radius ratio for (a) is a=b ¼ 1, and a=b progres-
sively increases in (b), (c), and (d), where (c) corresponds to the hufs
condition of Eq. (34). The branches of the zero Gaussian curvature
locus and their respective caustic images are labeled 1 and 2. At
the hufs condition, the part of the zero Gaussian curvature locus
that is mapped to the vertical portion of the rainbow detaches from
the part of the locus that is mapped into the horizontal portion of
the rainbow and attaches to the part of the locus that is mapped
into the transverse cusp caustics. The dashed lines on the caustics
in (c) and (d) denote regions of greatly reduced intensity in Figs. 4
and 5.
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EðΔH ; 0Þ ≈ ½ðka=kZÞ�ð2=gÞ1=2ðΔHΔcpÞ−1=4
× ½1þ ðΔH=ΔcpÞ1=2�−1=2 expð−2i ka
×ΔH

3=2=3h1=2Þ − ½iðka=kZÞ�ð2=gÞ1=2
× ðΔHΔcpÞ−1=4½1 − ðΔH=ΔcpÞ1=2�−1=2
× expð2i kaΔH

3=2=3h1=2Þ
for 0 < ΔH < Δcp;

ð49Þ

and

EðΔH ; 0Þ ≈ ½ðka=kZÞ�ð2=gΔHÞ1=2½1
þ ðΔcp=ΔHÞ1=2�−1=2 expð−2i ka
×ΔH

3=2=3h1=2Þ − ½ðka=kZÞ�ð2=gΔHÞ1=2
× ½ð1 − ðΔcp=ΔHÞ1=2�−1=2 expð2i kaΔH

3=2

=3h1=2Þ − ½2iðka=kZÞ�ð2=gΔHÞ1=2
× ð1 −Δcp=ΔHÞ−1=2 exp i kaðΔcp=hÞ1=2
× ðΔH −Δcp=3Þ
for Δcp < ΔH : ð50Þ

In Eqs. (49) and (50), the first two terms correspond
to the smaller and larger impact parameter supernu-
merary rays, respectively, and in Eq. (50), the third
term is the field of the two skew rays. All the terms in
Eqs. (49) and (50) are proportional to ka because they
are contributions of individual geometrical rays.
When ΔH is much closer to zero than it is to Δcp,
by using Eq. (23), the scattered field for ΔV ¼ 0 in
either the two-ray or zero-ray region reduces to

EðΔH ; 0Þ ≈ fð2Þ3=2π1=2=½ðkZÞg1=2h1=12Δcp
1=4�g

× expð−iπ=4ÞfðkaÞ7=6Ai½−ðkaÞ2=3
×ΔH=h1=3� − i½h1=6ðkaÞ5=6=ð2Δcp

1=2Þ�
× Ai0½−ðkaÞ2=3ΔH=h1=3�g: ð51Þ

For scattering by a sphere, the Ai0 dependence of the
scattered fields is produced by the variation of the
Fresnel coefficients and the wavefront amplitude
across the exit plane [42,46]. For spheroid scattering,
this variation has not been taken into account, and
the Ai0 dependence in Eq. (51) is produced by the dis-
tortion of the supernumerary ray amplitudes in
Eq. (49) due to the presence of the nearby cusp point.
On the other hand, when ΔH is much closer to Δcp
than it is to zero, by using Eq. (26), the scattered field
in either the two-ray or four-ray region reduces to

EðΔH ; 0Þ ≈fðkaÞ=½ðkZÞðgΔcpÞ1=2�g exp½−2iðkaÞ
×ΔH

3=2=h1=2� − f2ðkaÞ5=4=½ðkZÞπ1=2g1=2
× ðΔcphÞ1=8�g expðiπ=4Þ
× exp½2iðkaÞΔH

3=2=h1=2�PðX; 0Þ; ð52Þ

where

X ¼ ðkaÞ1=2ðΔcp −ΔHÞ=ðΔcphÞ1=4: ð53Þ

Because we have assumed that the horizontal radius
of curvature is negative here, the first term in
Eq. (52) is the lower supernumerary impact param-
eter ray whose field is proportional to ka. The second
term proportional to ðkaÞ5=4, as in Eq. (31), is the con-
fluence of the higher impact parameter supernumer-
ary ray with the two skew rays to form the transverse
cusp caustic. When the horizontal radius of curva-
ture is positive, the fields are obtained by taking the
negative of the complex conjugate of Eqs. (49)–(52).
In this case, the smaller impact parameter supernu-
merary ray participates in the transverse cusp and
the larger supernumerary ray is the spectator.

For the special case of the hyperbolic umbilic focal
section, the diffraction integral can be evaluated ex-
actly in terms of Airy functions when Θ0 ¼ Θr and
a=b ¼ ða=bÞhufs by substituting Eq. (41) into Eq. (7),
deleting the terms proportional to w2 and v2 be-
cause the horizontal and vertical radii of curvature
diverge there, and by making a skew transfor-
mation to new variables s and t, which separate the
two-dimensional integral into two identical one-
dimensional integrals. The result for p ¼ 2 scattering
is [6]

EðΔH ;ΔVÞ ≈ if27=2πðka=2Þ4=3=½ðkZÞg1=2h1=6�g
× Aif−ðka=2Þ2=3½ΔH − ð8h=gÞ1=2ΔV �=h1=3g
× Aif−ðka=2Þ2=3½ΔH þ ð8h=gÞ1=2ΔV �=h1=3g: ð54Þ

The argument of the Airy functions is zero on the V-
shape lines of Eq. (44), and the field of each Airy func-
tion is oscillatory inside the V-shape, where ΔH > 0,
thus producing a complicated diffraction pattern (see
Fig. 5 of [6]). The exponents of ka appearing in both
the amplitude of Eq. (54) and in the arguments of the
Airy functions agree with Table 2 of [16]. For p ¼ 2
scattering at the hufs condition, both R and S of
Eqs. (9) and (28) diverge, whereas both h and g of
Eqs. (10) and (30) remain finite. Either way, the open-
ing rate of the hufs is found to be [6]

ð8h=gÞhufs ¼ lim
R;S→∞

S=R ¼ 12=n2: ð55Þ

In [9], the evolution of the p ¼ 2 global caustic as a
function of a=b in the range given by Eq. (33) is qua-
litatively explained in terms of one of the unfoldings
[47] of the higher caustic X9. This unfolding explains
why, for a=b < ða=bÞhufs, the portions of the rainbow
in the vertical and horizontal directions are con-
nected to each other, while the transverse cusps
are separate; at a=b ¼ ða=bÞhufs, the vertical portions
of the rainbow detach from the horizontal portions;
and, for a=b > ða=bÞhufs, the vertical portions of the
rainbow and the transverse cusps are now connected
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to each other, while the horizontal portions of the
rainbow are separate. The unfolding of X9 is picto-
rially illustrated in Figs. 2 and 8 of [9], Fig. 2 of
[2], and Fig. A2.2 of [47]. It can be understood in
the context of spheroid scattering as follows and is
illustrated here as Fig. 3. In Fig. 3(a), for scattering
by a spherical water droplet, the global caustic on a
viewing screen placed in the backscattering direction
is the circular-shaped rainbow, as in Fig. 2a of [9],
which we can consider as the caustic image of a circle
of zero Gaussian curvature on some suitably defined
exit plane with horizontal axis w and vertical axis v.
There is no p ¼ 2 backscattered axial caustic because
backscattering of geometric rays by a water droplet
does not occur. As a=b is increased into the range of
Eq. (33), a pair of cusps appears on the viewing
screen inside the vertically flattened rainbow, as in
Fig. 2b of [9]. In Fig. 3(b) here, the zero Gaussian cur-
vature locus on the exit plane for this situation has
three disjoint segments. One of the segments is what
originally was the circular locus for a sphere, but
which has now been vertically flattened so as to be-
come approximately elliptical. It crosses the�w axis,
looking locally like a pair of branch two portions of
hyperbolas leading to the horizontal portions of
the rainbow, and it crosses the �v axis leading to
the vertical portions of the rainbow. To either side
of this vertically flattened approximate ellipse are
the other two segments of the zero Gaussian curva-
ture locus in the exit plane. These segments locally
look like a pair of branch 1 portions of hyperbolas,
matching the branch 2 portions of the first segment
of zero curvature, and leading to the two transverse
cusps. As was described above, when a=b ¼ ða=bÞhufs
and illustrated in Fig. 3(c) here, each set of branches 1
and 2 in the exit plane touch in an X-shape and are
joined together on the �v axis by the continuation of
branch 2. The resulting viewing screen caustic is two
completely overlapping V-shaped hufs sections
joined by the vertical portions of the rainbow, as in
Fig. 2c of [9]. As a=b is further increased and shown
in Fig. 3(d) here, the zero Gaussian curvature locus
on the exit plane reverts to an increasingly flattened
approximate ellipse, which we still denote as
branch 2, flanked by a pair of branch 1 portions of
the hyperbolas. But the caustic images on the view-
ing screen of branches 1 and 2 in the exit plane have
interchanged. The images of the two branch 1 por-
tions are now the locally parabolic-shaped fold caus-
tics of Fig. 2d of [9]. Between them is the caustic
image of branch 2, which still contains the vertical
portion of the rainbow, but now also contains the
two transverse cusp caustics. Since the vertical por-
tion of the rainbow has detached from the horizontal
portion of the rainbow and is now connected to the
transverse cusps, this new structure shrinks as
a=b is further increased to the lips event described
in Section 4. It is then extinguished and only the hor-
izontal portions of the rainbow remain.

6. Computed Caustic Patterns in the
Scattered Intensity

The p ¼ 2 portion of the scattered intensity was nu-
merically computed using the method described in
[18] for side-on incidence of a plane wave on an oblate
spheroid. For the geometry illustrated in Fig. 1, the
incident plane wave propagates in the positive z di-
rection with λ ¼ 0:5145 μm, and is polarized either in
the y direction or is unpolarized. The oblate spheroid
has refractive index n ¼ 1:334þ ið1:2 × 10−9Þ, hori-
zontal radius a ¼ 6μm, and various values of the ver-
tical radius b. It should be noted that, in [18], the
standard definition of spheroidal coordinates has
the z axis coincident with the particle’s symmetry
axis, rather than being the direction of the incoming
light, which is perpendicular to the spheroid’s sym-
metry axis for side-on incidence. As a result, the in-
tensity was computed as a function of the spheroidal
coordinate system scattering angles and then had to
be converted to the scattering anglesΘ andΦ for the
orientation of the axes in Fig. 1. For vertically polar-
ized incident light, the scattered intensity as a func-
tion of the scattering angles Θ and Φ on a distant
viewing screen centered at Θ ¼ 180° is shown as a
polar plot in Figs. 4(a)–4(f) for a=b ¼ 1:0001, 1.05,
1.15, 1.25, 1.30, and 1.36, respectively. In these fig-
ures, the y axis of Fig. 1 is vertical ðΦ ¼ 90°; 270°Þ
and the zx plane is horizontal ðΦ ¼ 0°; 180°Þ. Simi-
larly, Figs. 5(a)–5(f) show the scattered intensity as
a function of Θ and Φ for the same a=b ratios for un-
polarized incident light. In Fig. 5(a), for scattering of
unpolarized light by a sphere, the main peak of the
circular rainbow caustic appears prominently atΘ ¼
143:60° in the horizontal direction and Θ ¼ 143:55°
in the vertical direction. For comparison, Eqs. (1) and
(15) in the short wavelength limit give the Descartes
angle for the p ¼ 2 rainbow with n ¼ 1:334 as
Θr ¼ 138:07°. But, according to Eq. (21), the first
rainbow peak for the size parameter used here is
shifted in Airy theory to Θ ¼ 143:72°, in good agree-
ment with the results of Fig. 5(a). The residual devia-
tion is comparable to that found in [18]. In Fig. 4(a),
for vertically polarized incident light, scattering in
the horizontal direction is TE polarized and the rain-
bow is well approximated by an Airy function. But
scattering in the vertical direction is TM polarized
and the rainbow there is well approximated by the
derivative of an Airy function. The TM intensity is
noticeably dim because the transmitted angle into
the sphere for the rainbow ray is near the Brewster
angle, and produces only a very weak internal reflec-
tion. According to Airy theory [42], the main peak of
the Ai0 function should occur at Θ ¼ 151:10° for this
size parameter and agrees well with the angle Θ ¼
150° observed in Fig. 4(a). The transition of the rain-
bow intensity from the dominant Airy function
behavior to the dominant derivative of an Airy func-
tion behavior at about Φ ¼ 45°, 135° is also clearly
evident in Fig. 4(a). As a side note, the results of
Fig. 4(a) suggest that, if the atmospheric p ¼ 2 rain-
bow is viewed just before sunset through a polarizing
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filter held by an observer, its intensity along the rain-
bow arc should depend onΦ. Depending on the orien-
tation of the polarizing filter, it should be brighter at
the top of the arc and dimmer at the sides or dimmer
at the top of the arc and brighter at the sides.
As a general rule of thumb, in the full Mie intensity

for scattering by a sphere, there are about ka inten-

sity peaks in the angular interval 0° ≤ Θ ≤ 180°, giv-
ing an average angular size per peak of roughly
180°=ka. Some peaks, such as the main rainbow
peak, are wider than this, while other peaks, such
as the sequence of p ¼ 0; 1 interference peaks in
the forward hemisphere, may be a bit narrower. In
Fig. 5(a), for unpolarized incident light, there are

Fig. 4. Polar plot of the intensity as a function of the angles Θ and Φ for a vertically polarized incident plane wave with wavelength
λ ¼ 0:5145 μm scattered by an oblate spheroid with refractive index n ¼ 1:334þ ið1:2 × 10−9Þ, horizontal radius a ¼ 6:0 μm, and horizontal-
to-vertical radius ratio (a) a=b ¼ 1:0001, (b) a=b ¼ 1:05, (c) a=b ¼ 1:15, (d) a=b ¼ 1:25, (e) a=b ¼ 1:30, and (f) a=b ¼ 1:36.
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13 peaks in the interval 143:60° ≤ Θ ≤ 180:0°, which
compares well to the rule of thumb prediction of 15
peaks. However, in Fig. 4(a), for vertically polarized
incident light, the absence of TE-TM interference
gives rise to only six intensity peaks in this angular
interval. For the size parameter used here, the super-
numerary rainbow rings blend into the glory rings,

rather than having separate rainbow and glory struc-
tures, as is the case for larger size spheres. According
to Eq. (21), if Airy theory were quantitatively accu-
rate all the way out to 180°, there should be five
peaks in the interval 143:60° ≤ Θ ≤ 180:0°. The com-
parison is again good, and the fact that there are
only a few peaks in the angular interval for the size

Fig. 5. Polar plot of the intensity as a function of the angles Θ and Φ for an unpolarized incident plane wave with wavelength λ ¼
0:5145 μm scattered by an oblate spheroid with refractive index n ¼ 1:334þ ið1:2 × 10−9Þ, horizontal radius a ¼ 6:0 μm, and horizon-
tal-to-vertical radius ratio (a) a=b ¼ 1:0001, (b) a=b ¼ 1:05, (c) a=b ¼ 1:15, (d) a=b ¼ 1:25, (e) a=b ¼ 1:30, and (f) a=b ¼ 1:36.
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parameter used here will be important later in our
discussion of the interference structure of the trans-
verse cusp and hufs.
In Figs. 5(b)–5(d), for unpolarized incident light,

the main rainbow peak in the horizontal direction
is observed to remain at a nearly constant angular
position (Θ ¼ 143:60°, 143:86°, and 144:64°, respec-
tively), while it is observed to noticeably shift in
the vertical direction (Θ ¼ 147:60°, 163:35°, and
171:00°, respectively). Assuming that the Airy and
Mobius [40,41] corrections to the rainbow position
are additive, the main rainbow peak in the vertical
direction on the viewing screen for this size param-
eter should occur at Θ ¼ 148:39°, 156:52°, and
163:35° for a=b ¼ 1:05, 1.15, and 1.25, respectively.
This prediction agrees well with Fig. 5(b), it under-
estimates the observed angle in Fig. 5(c), and it
greatly underestimates the observed angle in
Fig. 5(d). This is not surprising because the Mobius
correction is only the first term of a series expansion
of the Descartes rainbow angle in powers of (1 − b=a)
and, as such, it is not expected to be quantitatively
valid for a=b as large as 1.25. Considering now
Figs. 4(b)–4(d) for vertically polarized incident light,
the most evident difference of these figures from
Fig. 4(a) is that the scattered light near the vertical
axis becomes increasingly dimmer due to either de-
creased refraction or total internal reflection at the
p ¼ 2 interface, as was mentioned in [9]. In addition,
according to Eq. (33) in the short wavelength limit,
the transverse cusp should first form from real rays
for a=b ¼ 1:068 at Θcp ¼ 165:77°, although for a=b
somewhat smaller than this, such as in Fig. 5(b)
for a=b ¼ 1:05, the beginnings of the transverse cusp
can still weakly form due to the interference of sur-
face waves rather than of real rays. FromEqs. (1) and
(31) for a=b ¼ 1:15, the transverse cusp point should
be located at Θcp ¼ 152:06°. According to Eqs. (35)–
(37), however, the first interference peak on the hor-
izontal axis inside the cusp caustic is predicted to be
sufficiently wide that it cannot completely fit into the
angular interval Θcp < Θ < 180° for this small a=b
ratio. In Figs. 4(c) and 5(c), for a=b ¼ 1:15, a promi-
nent interference peak is observed on the horizontal
axis atΘ ¼ 155°. But it is uncertain howmuch of it is
attributable to the main peak of slowly growing
transverse cusp and how much is attributable to
the azimuthal contraction of the first supernumerary
maximum of the rainbow to theΦ region centered on
the horizontal axis, which, according to Eq. (21),
should occur at Θ ¼ 156:09°.
For a=b ¼ 1:25, according to Eqs. (1) and (31), the

transverse cusp point should now occur at Θcp ¼
140:58° and, from Eqs. (35)–(37), the first interfer-
ence peak on the horizontal axis inside the cusp
should be located at Θ ¼ 152:73°. In Figs. 4(d) and
5(d), for a=b ¼ 1:25, the first rainbow supernumerary
maximum on the axis is absent and appears to have
destructively interfered with this peak. The main
rainbow peak on the horizontal axis is instead
flanked by a new set of interference peaks slightly

above and below the axis, at a scattering angle of
Θ ¼ 152°. This suggests that the new peaks above
and below the horizontal axis are associated with
the beginnings of the formation of the first peak of
the transverse cusp intensity above and below the
caustic axis (see Fig. 1 of [37]). Because the interfer-
ence structure of both the rainbow and transverse
cusp are broad and substantially overlap for the
spheroid size parameter used here, Figs. 4(c), 4(d),
5(c), and 5(d) qualitatively support the case that
the size parameter is too small to cleanly fit very
much of the relatively wide interference structure
of the transverse cusp into the relatively narrow an-
gular interval between the cusp curves. This situa-
tion was also encountered in [43] for the asteroid
caustic of spheroid glory scattering.

According to Eq. (34), the hyperbolic umbilic
focal section should occur for ða=bÞhufs ¼ 1:308.
Figures 4(e) and 5(e) show the scattered intensity
for a=b ¼ 1:30, which is near the hufs condition. In
Fig. 4(e), an interference pattern inside the caustic
curve is now clearly evident. But it is uncertain from
the figure whether the interference pattern is that of
the transverse cusp or the hufs. To verify that a=b ¼
1:30 is quite close to ða=bÞhufs for the spheroid size
parameter used here, we calculated the scattered in-
tensity of the main peak on the horizontal axis for
vertically polarized incident light for 1:28 ≤ a=b ≤

1:33 in increments of Δða=bÞ ¼ 0:01. Because the
point of the hufs produces a higher degree of focusing
than does the point of the transverse cusp, the rela-
tive maximum of the intensity’s main peak should
correspond to the hufs condition. This relative max-
imum was found to occur for a=b ¼ 1:30 and the in-
tensity on the horizontal axis for this case is shown in
Fig. 6. According to Eqs. (1), (31), (35), and (36), for
a=b ¼ 1:30, the cusp caustic point should occur at
Θcp ¼ 137:66°, the main peak should be displaced
from it by 5:11°, and the second intensity peak on
the axis should be displaced from the first peak by
an additional 8:28°. But according to Eqs. (1) and
(15), the hufs point should occur at the rainbow scat-
tering angle Θhufs ¼ 137:48°, which is nearly the
same as Θcp. From Eq. (54), the first hufs intensity
peak on the horizontal axis should be displaced from
the caustic point by 9:04°, and the second hufs inten-
sity peak should be displaced from the first peak by
an additional 19:78°. In Fig. 6, the first and second
angular displacements are 7:05° and 11:48°, respec-
tively, and are intermediate between these two pre-
dictions. This suggests that, as was the case for the
transverse cusp for a=b ¼ 1:15 and 1.25, the spheroid
size parameter used here is again too small to cleanly
fit all the features of the hufs diffraction pattern into
the relatively narrow angular region between the
branches of the caustic.

To further test this conjecture, we magnified the
intensity graph in the region around the rainbow
scattering angle for a=b ¼ 1:30 for vertically polar-
ized incident light. This is shown in Fig. 7. The angle
between the main diffraction peak on the horizontal
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axis and a number of off-axis peaks was measured
and compared with the predictions of Eqs. (35)–(37)
for the transverse cusp for this spheroid size param-
eter. We measured the angle ξ ¼ arctanðΔV=ΔHÞ be-
tween the horizontal axis and the line joining the

first peak on the horizontal axis with each of the first
three peaks in the first row of maxima parallel to the
caustic curve (see Fig. 1 of [37]). Our results are 53°,
65°, and 70°, while the predictions of Eqs. (35)–(37)
are 52:4°, 54:9°, and 58:6°. The first peak is at almost
exactly the correct position, while the second and
third peaks are about 20% larger than predicted.
This strongly suggests that we are finally starting
to see the interference structure of the transverse
cusp caustic. According to Eqs. (54) and (55), if the
caustic in Fig. 7 had been a hufs, the first peak on
the horizontal axis and the first row of interference
peaks parallel to the caustic curve would have all
fallen on a straight line with ξ ¼ 21:0°, which is very
different than the angles observed in Fig. 7. The
angle ξ was also measured for the first two off-axis
peaks in the second row of maxima parallel to the
caustic curve. We obtained ξ ¼ 35° and 57°, whereas
Eqs. (35)–(37) predict that they should occur at ξ ¼
23:0° and 33:6°. The percentage difference between
the two sets of angles is now greatly increased, indi-
cating that, even for a=b ¼ 1:30, the transverse cusp
interference pattern inside the caustic curve has not
yet fully formed. The reason for this is, again, the in-
compatibility between the large angular size of the
peaks and the relatively small angular interval into
which they must fit. Equations (9), (30), and (39),
Figs. 4b–4f of [1], and Fig. 5 of [7] all indicate that
the opening angle of the transverse cusp is rather
small, except near the hufs condition, where it notice-
ably widens. Thus, if one wishes to resolve a number
of interference peaks in the restricted angular region
between the transverse cusp or hufs caustic curves, a
large value of ka at or near the hufs condition is re-
quired, because the angular shape of the caustic
curve is independent of ka, whereas the angular size
of the interference peaks decreases as a function of
ka. Although a spheroid size parameter of 2πa=λ ≈
73 is sufficient to exhibit the increased focusing at
the point of the hufs, it is still too small to resolve
the four-ray interference pattern inside the hufs.

Lastly, Eq. (33) predicts that, when a=b ¼ 1:413,
the vertical portion of the rainbow caustic occurs
at Θ ¼ 180° and corresponds to the lips event.
Figures 4(f) and 5(f) show the scattered intensity
somewhat near this condition when a=b ¼ 1:36.
The position of the main peak of the horizontal rain-
bow is Θ ¼ 144:25°, and has barely moved from
where it was for a=b ¼ 1:0001. Attached to the hori-
zontal rainbow is a weak cusplike structure. The
remainder of the global caustic is the lips curve, a vir-
tually straight line along the horizontal axis of the
viewing screen that has a weak supernumerary
structure at slightly smaller scattering angles in
the vertical direction. This is contrasted with the
case for a=b ¼ 1:0001, where the supernumerary
structure in both the vertical and horizontal direc-
tions occurred for larger scattering angles.

In summary, although it has been long known
that a number of different caustics are produced in
scattering of a plane wave by a nonabsorbing oblate

Fig. 6. Intensity as a function of the angleΘ along the horizontal
axis of the exit plane for a vertically polarized incident plane wave
with wavelength λ ¼ 0:5145 μm scattered by an oblate spheroid
with refractive index n ¼ 1:334þ ið1:2 × 10−9Þ, horizontal radius
a ¼ 6:0 μm, and radius ratio a=b ¼ 1:30.

Fig. 7. Intensity as a function of the angles Θ and Φ or, equiva-
lently, ΔH andΔV , on the far-zone viewing screen in the vicinity of
the Descartes rainbow angle for a vertically polarized incident
plane wave with wavelength λ ¼ 0:5145 μm scattered by an oblate
spheroid with refractive index n ¼ 1:334þ ið1:2 × 10−9Þ, horizontal
radius a ¼ 6:0 μm, and radius ratio a=b ¼ 1:30.
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spheroid, this structure has, to the best of our knowl-
edge, never been studied using exact electromagnetic
scattering techniques, such as the extension of Mie
theory to spheroid scattering. This paper has at-
tempted to do so, and has also examined the features
of the caustic structure that are and are not present
when the spheroid is relatively small. We found that
intensity enhancements are present at nearly the
correct value of a=b, but that, for a clear and well-
defined formation of more than the first few interfer-
ence peaks between the two arms of the caustics, a
larger size spheroid is required. As a last note, in
analogy to the increasingly large size parameter of
a sphere required to resolve the details of the rain-
bow for p ≥ 3, the spheroid size parameter required
to resolve the details of the transverse cusp caustics
for p ≥ 3 and the more complicated p ¼ 2 caustic pro-
gression at larger spheroid a=b ratios is also likely to
be larger than that required to resolve the details of
the interference patterns of the p ¼ 2 caustics exam-
ined here.
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