A
<= MSL
Ny Cleveland State University

EngagedScholarship@CSU

Mathematics Faculty Publications Mathematics and Statistics Department
2-1-2012

Free Torus Actions and Two-Stage Spaces

Barry Jessup
University of Ottawa

Gregory Lupton
Cleveland State University, g.lupton@csuohio.edu

Follow this and additional works at: https://engagedscholarship.csuohio.edu/scimath_facpub

b Part of the Mathematics Commons
How does access to this work benefit you? Let us know!

Repository Citation

Jessup, Barry and Lupton, Gregory, "Free Torus Actions and Two-Stage Spaces" (2012). Mathematics
Faculty Publications. 191.

https://engagedscholarship.csuohio.edu/scimath_facpub/191

This Article is brought to you for free and open access by the Mathematics and Statistics Department at
EngagedScholarship@CSU. It has been accepted for inclusion in Mathematics Faculty Publications by an
authorized administrator of EngagedScholarship@CSU. For more information, please contact
library.es@csuohio.edu.


https://engagedscholarship.csuohio.edu/
https://engagedscholarship.csuohio.edu/scimath_facpub
https://engagedscholarship.csuohio.edu/scimath
https://engagedscholarship.csuohio.edu/scimath_facpub?utm_source=engagedscholarship.csuohio.edu%2Fscimath_facpub%2F191&utm_medium=PDF&utm_campaign=PDFCoverPages
https://network.bepress.com/hgg/discipline/174?utm_source=engagedscholarship.csuohio.edu%2Fscimath_facpub%2F191&utm_medium=PDF&utm_campaign=PDFCoverPages
http://library.csuohio.edu/engaged/
https://engagedscholarship.csuohio.edu/scimath_facpub/191?utm_source=engagedscholarship.csuohio.edu%2Fscimath_facpub%2F191&utm_medium=PDF&utm_campaign=PDFCoverPages
mailto:library.es@csuohio.edu

Free torus actions and two-stage spaces

By BARRY JESSUP
AND GREGORY LUPTONY

Abstract

We prove the toral rank conjecture of Halperin in some new cases. Our results
apply to certain elliptic spaces that have a two-stage Sullivan minimal model, and
are obtained by combining new lower bounds for the dimension of the cohomology
and new upper bounds for the toral rank. The paper concludes with examples and
suggestions for future work.

1. Introduction

A well-known conjecture due to Halperin concerns torus actions on a space (see
[Halb, problem 1-4]). If X is a space on which an n-dimensional torus acts, we say the
action is almost-free if each isotropy subgroup is a finite group. The largest integer
n > 1 for which X admits an almost-free n-torus action is called the toral rank of
X and is denoted rk (X). If X does not admit an almost-free circle action, then
rk (X)=0. Halperin’s conjecture gives an upper bound for the toral rank of X in
terms of its cohomology, as follows:

CoNgecTURE 1-1 (The toral rank conjecture). If X is simply connected, then
dim H(X;Q) > 2%,

We shall henceforth assume that all our spaces are 1-connected, finite cell com-
plexes. There are some technical conditions on the topology of the space X in
Halperin’s original formulation, but as these are satisfied by finite cell complexes, we
will not mention them explicitly here.

The main tool we shall use is the Sullivan minimal model, and a basic reference is
[FHT]. For our purposes, we note that to any 1-connected space X there corresponds,
in a contravariant way, a commutative differential graded algebra (unique up to
isomorphism) (AW, d), called the minimal model of X, which algebraically models the
rational homotopy type of the space. By AW we mean the free graded commutative



algebra generated by the graded vector space W. The differential d of any element
of W is a polynomial in AW with no linear term, which in particular means that
there is a homogeneous basis {w; };> of W for which dw; € AW_;, where W_; denotes
the subspace of W generated by {w;};<;. (We will also occasionally consider models
(AW, d) which satisfy this latter nilpotence condition but where the polynomial dw
may have a linear term.) This contravariant correspondence yields an equivalence
between the homotopy category of 1-connected rational spaces of finite type and that
of 1-connected rational commutative differential graded algebras of finite type. In
particular, if (AW, d) is the minimal model of X, then H(AW,d) = H(X; Q) as graded
algebras, and W = 7(X) ® Q as graded vector spaces. Moreover, we remark that a
series of results of Halperin and others implies that if H(AW,d) and W are finite-
dimensional, then H (AW, d) must satisfy Poincaré duality, and (AW, d) is the minimal
model of some closed smooth manifold. In all cases of interest to us here, the space of
generators W will be finite-dimensional. If {wy, ..., w,,} is a homogeneous basis for
W, then we will write W = (wy, ..., w,), and we also denote AW by A(wy, ..., w,)
in this case, often omitting explicit reference to the differential. We note that models
with W and H (AW, d) both finite-dimensional are called elliptic, and a space X with
an elliptic minimal model is called an elliptic space. Topologically, this means that
both 7(X) ® Q and H(X;Q) are finite dimensional.

Conjecture 1-1 is already known to hold for homogeneous spaces G/H, for G
connected, and H closed and connected [Halb, proposition 1-5]. Such spaces have
two-stage minimal models [FHT, proposition 15-16], where a minimal model (AW, d)
is said to be two-stage if W decomposes as WU @ V with dU =0 and dV CAU.
By the remark in the previous paragraph, it is easy to see that there are many other
examples of spaces, indeed smooth manifolds, with two-stage models, and it is these
spaces that we shall study (see for example Corollary 2-4).

We note for later reference that there may be several ways to display a minimal
model as a two-stage model. In particular, a generator in V' that is a cocycle could
just as well be included in U. We will generally be interested in choosing a two-stage
decomposition in which V is as large as possible.

By a K-S extension (Koszul-Sullivan), or simply an extension, we mean a sequence
of the form

(AW, dy) — (AW, @ AWs, D) — (AW>, d»)

with (AW, d;) a minimal model, in which D restricts to d; on AW; ® 1, and for which
there is an ordered basis of Ws = (wy, ws, ...) with Dw; € AW, @ A(wy, ..., w;—;) for
each 7. A K-S extension is the minimal-model analogue of a Serre fibration (cf.
[FHT, section 15(a)]), and for this reason, AW, AW, @ AW, and AW, are known
respectively as the base, the total space and the fibre of the extension.

The connection between minimal models and the toral rank is originally due to
Allday and Halperin [AH] (cf. |[Hal, proposition 4-2]): If X has minimal model
(AW, d) and admits an n-dimensional torus action, then there is an extension

AA, — AA, @ AW — AW (1)

in which A, ={ay,...,a,) with each a; of degree 2. If the action is almost free, then
dim H(AA, ® AW, D) is finite-dimensional |Hal, proposition 4-2]. In principle, this
result allows an upper bound for rk (X) to be obtained by a direct analysis of the



minimal model of X, and this direct approach has been carried out to great effect
in some situations. In general, however, the computational problems involved here
appear to be quite substantial.

However, since we are really only considering the rational homotopy type of X, we
are led to the following variation of the toral rank: the rational toral rank rky(X) of X
is defined by rky(X) = max {rk(Y)|Y ~q X}. Clearly, we have rky(X) > rk(X), hence
an upper bound on rky(X) will serve as one on rk (X). See [Halb, proposition 4-2]
for the precise relationship between these two numbers. The characterization of
rko(X) in terms of a minimal model of X is as follows. If (AW, d) is a minimal model
of X, then rk((X) is the largest n (if such exists) for which there is a K-S-extension
of the form (1), for which dim H(AA, ® AW, D) is finite-dimensional. We will also
denote 1ko(X) by rko(AW).

Now we briefly summarize the contents of the paper. In Section 2, Theorem 2-8
gives a lower bound for the dimension of the cohomology of any space with an
elliptic two-stage minimal model. This result is proved using standard tools familiar
from algebraic topology, namely the Wang sequence and the Serre spectral sequence.
Also in Section 2 we give two results that, under certain additional hypotheses, give
upper bounds on the rational toral rank—hence on the toral rank—of a space with
two-stage minimal model (Theorem 2-9 and Theorem 2-10). Combining these results
allows us to establish Conjecture 1-1 in some new cases (Corollary 2-11). In addition,
our results can be used to provide new and essentially elementary proofs of the
conjecture in some previously-known cases, which we discuss after Theorem 2-3. In
Section 3, we give a number of examples and suggest several directions for future
investigation.

2. Cohomology and toral rank of two-stage minimal models

In this section we give several results about the cohomology and the toral rank of
two-stage minimal models.

2-1. Cohomology of two-stage minimal models

We begin by establishing a lower bound for the dimension of the cohomology of an
elliptic space with two-stage minimal model. Our bound is of a form similar to that
featured in the toral rank conjecture.

If A(U,V) is an elliptic two-stage minimal model, then the Mapping theorem
[FHT, p. 375] implies that V has generators of odd degree only. On the other hand,
U may have generators of odd or even degree. For the remainder of the paper, unless
otherwise specified, we assume that all minimal models are two-stage, elliptic. For
details about elliptic spaces and their minimal models, see [FHT, section 32].

First, we establish our lower bound in a special case. The main result is then
established by reducing to this special case.

ProrositioN 2-1. Let A(U,V) be a two-stage, elliptic minimal model with odd
degree generators only and suppose that d:V — A*U is an isomorphism. Then
dim H(A(U,V)) > 2dm V.

Proof. Suppose that dim U = n. Since d: V' — A*U an isomorphism, and since AU is
an exterior algebra, we have dim V' = (). Thus we must show that dim H(A(U,V)) >



2(2). We will proceed by induction on n. First, we give an explicit description of the
model A(U, V).

Write AU, V) as M, =(AU,,V,),d,), with U, =(u,...,u,) and V,=
({vij bi<icj<n). The differential is d,(U,,) = 0 and d,(v; ;) = w;u; for each 0 < i <
j <n.Forn =1, we have dim U; = 1 and V| = 0, and the proposition is trivial. For
n = 2, we have My = A(uy, ug, vy 2). It is easily checked that dim H(M,) = 6 > 2'.
This starts the induction.

Now suppose inductively that dim H(M,) > 2(>) for some n>2. We adjust
the notation somewhat and write M, as follows. Write U,y = (ug, Up, ..., Up) =
(uo) ®U,. Also, set Vi = (Vo1 - . ., Vo.n), s0 that V. = Vi & V,,. The differential d,, ., of
M 41 extends that of M,,. Thus, we have dy,1((Ups1) = 0, dps1 (v 5) = dn(vij) = wiu;
for 1 <i < j <nanddy(vo;) = upu; for 1 < j < n.

Further, if M,,+; denotes M,, ® AV}, we have the following extension:

Auy — My, dpsy) — (mn+lvan+1)~ (2)

Consider the short exact sequence of differential graded vector spaces

00— ﬂn+1 L) Mn+1 i) anrl — 07 (3)

where p denotes the projection and j the map defined by j(x) = u x for x € AW. The
ensuing long exact sequence in cohomology has a connecting homomorphism that
may be described as follows: on M., define 0* : M,y — My by uod = dpi — dpsi.
Then, one can easily check that 0 is actually a derivation of the algebra M,iq of
degree 1 — |ug| which commutes with d,+, and so induces a map 6* : H(M,+) —
H*~ 1w (M,,+1) which is the connecting homomorphism of (3). We will call the
derivation 6* the Wang derivation for (2), for reasons indicated in Remark 2-2 below.

This Wang derivation can be explicitly computed: because d,,+((Vy) Cuy - U,,, we
see that H(M,i(,dnsy) = H(M,) ® AV,. Now, for y € M, ® AV}, we find that
O(M,,) = 0, directly from the definition. Since d,,+1(vo ;) = uou;, we have 0(vy;) = u;
for each ¢ = 1,...,n. On passing to cohomology, therefore, we find that 6*(H(M.,,))
=0and 0*(vo;) =u; € HM,,) fori=1,...,n.

As usual, we can condense the long exact sequence from (3) into

0 — coker 0" — H(M,+) — ker§* — 0,
so that to complete the induction, it simply remains to show that
dim ker 8* + dim coker §* = 2 dim ker §*

is at least 2("2"). Our inductive assumption is that dim H(M,) > 2(3). Therefore
dim (H(M,,) - AV,) > 2(3) x 2™ Since () +n = (";]), our inductive assumption
implies that dim (H(M,,) ® AVy) > 2",

We claim that (6%)> = 0, after which elementary linear algebra completes the
proof. The key observation here is the following: denote by [u;]| € H(M,,) the class
represented by the cocycle w;. Then the ideal of H(M,,) generated by all two-fold
products {[u; |[u;|}i<i<j<n is zero. This follows since each product u;u; is a boundary,
namely d,(v; ;). Recall that 6*(H(M,)) = 0, whilst 6*(Vy) = U, C H(M,,). Thus,
(0%)*(H(M,,) @ AVp) is contained in the ideal generated by the two-fold products
{luilluj1}i<i<j<n. which we observed is zero. We conclude that (6%)% = 0.

Downloaded from https:/www.cambridge.org/core. Cleveland State University Library, on 13 Jun 2017 at 16:50:41, subject to the Cambridge Core terms of use,
available at https:/www.cambridge.org/core/terms. https://doi.org/10.1017/S0305004103007242



But (#*)? = 0 implies 2dim ker 8* > dim (H(M,,) ® AV;). Therefore, we have
dim H(M,.) = 2dim ker 0* > dim (H(M,,) ® AVy) > 2.
This completes the induction.

Remark 2-2. Topologically, the extension sequence (2) corresponds to a fibration
with base an odd sphere S*"*!, and the long exact sequence in cohomology induced
from (3) corresponds to the Wang sequence of the fibration, in the usual sense of a
fibration with base a sphere. The derivation 8* corresponds to the Wang derivation
of the fibration, again in the usual sense (cf. [Whi, p. 319]).

As promised, the main result is now obtained by reducing the general two-stage
case to that of Proposition 2-1.

THEOREM 2-3. Suppose A(U, V) is any two-stage, elliptic minimal model. Then
dim H(A(U,V)) > 2%m V-dim U7,
Proof. Given A(U, V), form the following extension sequence:
AU,V) — AU, V)@ AW, W),D — AW, W),D =0, (4)

in which D: W — U®*" and d: W — A*(U°!) are vector space isomorphisms. This
extension sequence has an associated Serre spectral sequence, obtained by filtering
the total space by degree in A(U, V). This spectral sequence has F»-term isomorphic
to HA(U,V),d)®@ HAW,W),D = 0) = HAU,V),d)® AW, W) and it converges
to H(A(U, V)@ AW, W), D) (cf. [FHT, section 18], especially example 2 and exercise
2). Since the E,-term of this spectral sequence must be at least as large as the term
that it converges to, we have the following inequality:

dim (H(A(U, V), d)) - 25 W .28 WS qim (H(AU, V) @ AW, W), D). (5)
We now claim that (A(U,V) @ AW, W), D) and (AU, W)@ A(V),D ® 1) are

quasi-isomorphic. To see this, argue as follows. First, display the middle term of (4)
as the middle term of the following extension sequence:

(AU, W), D) — (A(U, V)@ AW, W), D) — (AU, W, V), D),  (6)

in which (AU, W), D) is an acyclic model. It follows that the projection
(AU, V)@ AW, W), D) — (AU*M, W, V), D) is a quasi-isomorphism. Next, define
a map of models ¢: (AU W) ® A(V),D ® 1) — (AU, W, V), D) as follows.
Set ¢ to be the identity on AU W). For each generator v; €V, we have
D(v;) € AZ2UC DW) - AU*Y), since D(W) = A*>(U°Y). So choose an element
x; € W - AU, such that D(z;) = D(v;), for each i. Finally, set ¢(v;) = v; — x; and
extend to an algebra map. Notice that ¢ makes the following diagram of extension
sequences commute:

(AU, W), D) — (AU W), D)@ AV,D®1 — AV,D®1=0

11 rﬁ ll
(AU, W), D)——— (AU, W, V), D)—————AV, D = 0.

It follows that ¢ is a quasi-isomorphism.



Returning to the inequality (5) displayed above, we now have
dim H(A(U, V)) . Qdim W, 2dim w > dim H(A(UO‘M’ W)) . Qdim V.

But dim H(AU, W)) > 24m W by Proposition 2-1. Since dim W = dim U, the
result follows.

We can establish Conjecture 1-1 in several cases using Theorem 2-3. We begin with
a discussion of two previously-known cases of Conjecture 1-1. We include these cases
here to illustrate that Theorem 2-3 can be used to unify them with other results.
Also, we include a self-contained proof in the second case that uses techniques from
well within rational homotopy theory.

2-2. The pure case

For any elliptic minimal model AW, the homotopy Euler characteristic is X, =
dim (We'n) — dim (W°44). For any elliptic space, a result due to Allday and Halperin
[AH, theorem 1] asserts that the rational toral rank is less than or equal to the
negative of the homotopy Euler characteristic, thus rky(X) < —xx.

Now consider the so-called pure case, in which A(U,V) is a two-stage, elliptic
minimal model with U = U™ and V = V°¥_ In this case, Theorem 2-3 specializes
to: dim H(A(U,V)) > 27X . Combining these observations, we retrieve the following
result of Halperin:

CoroLLARY 24 (|Hal, proposition 1-5]). Let X be an elliptic space with a pure min-
imal model. Then Conjecture 1-1 holds for X, i.e., dim H(X;Q) > 20X,

We remark that this includes the case in which X is a homogeneous space. Indeed,
our proof of Theorem 2-3 incorporates the argument used by Halperin to obtain
Conjecture 1-1 in the homogeneous space case.

2-3. The case of odd generators with quadratic differential (coformal spaces)

We say that a minimal model is coformal if it has a quadratic differential, that is, if
d:W — A*W. Notice that this really means quadratic with respect to a particular
choice of generators for AW . A space is coformal if it has a coformal minimal model,
and in this case its rational homotopy type is completely determined by its rational
homotopy Lie algebra, the bracket of which is dual to d [FHT, section 21].

The following result is due to Allday and Puppe:

THEOREM 2-5 (|[APa, proposition 3-1, corollary 3-5]). Let X be a simply-connected,
coformal elliptic space that has a two-stage minimal model AU, V) with odd-degree
generators only. Assume that the two-stage decomposition displays V with maximal
dimension. Then, rko(X) = dim V and Conjecture 1-1 holds for X.

Proof. The equality rko(X) = dim V is given in [APa, corollary 3-5]. (Actually,
the rational toral rank is identified there with the dimension of the centre of the
homotopy Lie algebra of X. However, standard ideas from rational homotopy theory
can be used to identify dim V' and the dimension of the centre of the homotopy Lie
algebra, in this particular case.) Since the minimal model has odd-degree generators
only, Theorem 2-3 specializes to the inequality dim H(A(U,V)) > 24m V.

This paper contains a self-contained proof of Theorem 2-5 that uses only standard
tools from rational homotopy theory. For this, we need to supply our own argument



for the equality rky(X) = dim V, to substitute for [APa, corollary 3-5|. This is
obtained by combining Lemma 2-12 with Theorem 2-9 below, both of which apply
to more general settings (cf. Remarks 2-14). When we prove Theorem 2-9, we will be
more specific as to what the phrase ‘displays V' with maximal dimension’ entails.

We remark that Allday—Puppe conclude their result by appealing to a result of
Deninger—Singhof [DS]. Indeed, the result from [DS] used to complete their argu-
ment is precisely a special case of Theorem 2-3, in which the differential is assumed
to be quadratic and all generators are assumed to be of odd degree. It is therefore
natural to ask whether rko(A(U,V)) = dim V more generally, at least in the case in
which the two-stage, elliptic minimal model has odd-degree generators only. This is
not true without some further hypotheses, as we illustrate in Example 3-2. We return
to this point, and related questions, in the last section of the paper.
2-4. New cases

In the remainder of this section, we prove new results that give further situations
to which we can apply Theorem 2-3. In phrasing our results, we must be careful about

a technical point, namely, the choice of a two-stage decomposition that displays V'
with maximal dimension. We illustrate this with an example.

Example 2-6. Let A(U,V;d) be a two-stage minimal model with bases U=
(uy, uz,uz) and V = (v;), all generators being of degree 1. Set dv; = ujug — u us +usus,
then each basis element of U certainly occurs in a non-trivial differential. However,
V' is not maximal here. We can see this by re-writing dv, = (u; + us)(us + u3), and
noting that only 2 linearly independent elements of U actually occur. In other words,
we can change the basis in U, and move the ‘spare’ generator of U into V. Specifically,
define ¢(ur) = uy, p(uz) = us + uy, d(uz) = ug + uy and ¢(v) = vy, then extend to an
algebra automorphism of A(U,V). If we set d = ¢ 'd¢, then ¢ becomes an
isomorphism of minimal models ¢: A(U,V;d') — A(U,V;d). A simple check re-
veals that A(U,V;d') is two-stage with d'(v() = wpuz. Thus we can write it as
AU,V d'), U = (us,u3), and V' = (vy,uy). In this latter case, V' is now of maximal
dimension.

Definition 2-7. Suppose (A(U,V),d) is a two-stage minimal model. We say that
V' has maximal dimension, or that the two-stage decomposition displays V with
maximal dimension, if, for any isomorphic two-stage minimal model (A(U’, V'), d’) =
(AU, V),d), we have dim V' < dim V.

Since we assume that the spaces of generators are finite-dimensional, it is clear
that every two-stage minimal model has a decomposition that displays V' with max-
imal dimension. Also, for the two-stage decomposition to display V' with maximal
dimension, then it is clearly necesary (but not sufficient) that every generator from
U appear in some differential.

We now give a consequence of the two-stage decomposition being chosen so as to
display V' of maximal dimension. This result does not cover all two-stage cases, but is
sufficient for our purposes. We focus on the case in which the differential is quadratic.
For parity of degree reasons, in this case we have d(V) C A2(U*) @ A>(U™™). Let
UM = (uy, . ooup), U™ = (wy,...,w,) and V = (vj,...,v,) denote bases. From
now on, we will adopt this as standard notation, for the case of a two-stage minimal
model that may contain even-degree generators.



Since we assume the differential is quadratic, for each basis element u of V', we

may write
_ k k
dvy, = E a; juiug + g biijiwj.
1Si<j<p 1Si<I<q
Using the coefficients from the first of these sums, for £ = 1,...,r, we define the

skew-symmetric, p x p matrix M*, by

ak . ifi <j

i,j
ko k oo .
M =q—a;; ifi>}j
0 ifi=7.
!
Now, let M = | : | be the pr x p block marix formed by the M* as rows.

u"

Leyma 2-8. If V has maximal dimension in A(U, V'), then rank M = p. In particular,
there is a p X rp matrix N such that N M is the p X p identity matriz.

Proof. Let U* denote the dual space of U, and for u* € U*, let 7,- denote the
derivation of A(U, V') of degree —1 extending the linear map i,«: U &V — Q defined
by i+ (z +y) = u*(z), forz € U,y € V. We first show that, under our hypotheses, the
Lie derivative £ : U* — Hom(V, U) defined by

L) = iged — (—1)" iy = iyed

is injective. (In fact, the injectivity of £ is equivalent to the maximality of dim V.)
Let K = kerL and choose a complement X C U* for K so that U* = K & X and
U=K*® X+, where, it W c U, Wt ={ueU|VY, € Wyw(u) = 0}. Then, as
AU = (AXT @ AXH) o (AXT @A KY) e (MK @ ATK?),

the definition of K shows that dV € ATK+ ® A*K+. Now define U; = K+ and
V. = Vo Xt with dy, = O,dTV =dy and dy. =0. Then Uy &V, = U @V, and
this induces an isomorphism of two-stage minimal models A(Uy, V;;d') = AU, V; d).
Since V' has maximal dimension, K must be 0.

Let {uy, ..., up} be a basis of U, and {uf,...,u}} the dual basis. Then, as V has
maximal dimension, we know that in particular the maps L(u}) = ty2d : V — U odd
for j = 1,...,p are linearly independent. In other words, if ¢ = (¢i,...,¢,)" € QP,
then Zj Cjiyrduy, = Z” ijuicj =0fork=1,...,r, implies that ¢ =0. Because the
u; are linearly independent, this is equivalent to the statement

ZMijchO fore=1,...,p and k=1,...,r=c=0.
J

That is, Mc = 0 => ¢ = 0. Hence, rank M = p.

To phrase our results, we use the following terminology: we say that a graded
vector space V is n-co-connected if V* = 0 for i > n.

THEOREM 2-9. Let A(U, V) be an elliptic, two-stage minimal model. Assume that dV C
AU, and that the two-stage decomposition displays V with maximal dimension. Finally,



assume that U and U satisfy one of the following connectivity and co-connectivity
hypotheses:

(A) UM is (2r — 1)-connected and U is (2r + 2)-co-connected;

(B) UM is (25 + 1)-co-connected and U*" is (45 — 4)-connected.
Then rko(A(U,V)) < dim V — dim U,

Proof. 1f rko(A(U, V)) = n, then we have a K-S-extension (A4, ® A(U, V), D) as in
(1) that has finite-dimensional cohomology. We claim that in any such minimal model,
we can assume that D(U°!) is contained in [(U* @ V), the ideal in A4, @ A(U,V)
generated by U ¢ V.

Allowing this claim for now, we appeal to some results of Halperin concerning
elliptic minimal models. First of all, to any elliptic minimal model (AW, d), there
is an associated pure model, denoted (AW, d,), which is defined by adjusting the
differential d to d, as follows: we set d, = 0 on each even degree generator of W, and
on each odd degree generator w € W, we set d, (w) equal to the part of d(w) contained
in A(We™). One checks that this defines a differential d, on AW, and thus we obtain
a pure (minimal) model (AW, d,). Then, by [Hala, proposition 1] (cf. also [FHT,
proposition 32-4|), dim H (AW, d) is finite-dimensional if and only if dim H(AW,d,)
is finite-dimensional. Applying all this to the minimal model (AA4,, ® A(U,V), D), we
obtain the following.

From the claim, (A4, ® A(U, V), D,) satisfies D, (U°!) = 0, and therefore (AA,, ®
AU, V),D,) = (AU D, = 0)® (AA, @ A(U*", V), D,,). Since (AA,, @ A(U, V), D,)
has finite-dimensional cohomology, so does (A4, @ AU, V), D,). 1t follows that
(AA, @ AU, V), D,) is an elliptic minimal model, and therefore that its homo-
topy Euler characteristic is non-positive [Hala, theorem 1] (cf. also [FHT, propo-
sition 32:10]). This implies that n < dim V — dim U**", as required.

It only remains to establish the claim. We do this by a careful analysis of the terms
that can occur in the differentials. Our argument is essentially the same as that in
[APD, theorem 4-6]. First we write, for each u; in the basis of V,

Duop= Y afwu;+ Y b¥wmw; + termsin the ideal I(4,).  (7)

1i<j<p ISISI<q

The coefficients afyj and bﬁj are scalars. Our strategy in either case (A) or case (B) is
the same. We apply D to (7), obtaining D?*v;, = 0 on the left-hand side. By focussing
on certain terms present on the right-hand side, we obtain sufficient information to
complete our argument.

Jonsider hypothesis (A) first. Here, from the (co-)connectivity restrictions, we see
that D(U®") C AT A, @ AU @ A*V . Therefore, display the terms in (7) as follows.

Write
— k k k
Dvy, = g a; jugu; + g Pugug + E Ry juiu;
i=1

Ii<j<p Ii<jsp L r
+ P, + terms in the ideal I(A*(V) @ AZHU, V). (8)

Here, Py includes all terms from AA, @ A(U®") present in (7), and the coefficients
sz] and Rﬁ ; denote terms in A*A,,. After applying D to this, we will consider only

contributions in (A*A,, ® AU®)) - UM, Define a derivation & of A4, @ A(U,V)
as follows. On generators from U°Y  V set § equal to the part of D: U1V



AA, @ A(U,V) whose image is contained in ATA,, @ A(U™"). On the remaining
generators, set 6(U") = 0. Extend § to a derivation on A(A,,U, V). Applying D to
(8), and collecting terms in (A" A, @ A{U™")) - U, we have

- k k
=0 ( E am-uiuj) +4 < g u uj> g 6 (R jvi)uy.
1<i<j<p 1<i<j<p i .
P

We fix an index [, with 1 <1 < p, and collect all coefficients of u; from this equation,
to obtain

0= Zaﬁlé(ui) — Zafjé(uj) + Z(S(Pi]flui) - Zd(Pl’fju] Z §(RE ;).

i<l 1<j i<l 1<j
Since PZZ,R? ; € ATA,, and since M ¥ is skew-symmetric, we obtain

Z aﬁié(ui) = 0(Xk,1)

i
for some element xj; € ATA, - (U@ V). Let u = (ug,...,up)" 06 = (Xoi1s- -+ Xbeop)s
and x = (0y,...,0.)", and let § act component-wise. Then the previous equation can
be restated as

d0(Mu) = 6.
Now we apply Lemma 2-8 to obtain a p X rp matrix N such that
du = 06(NMu) = 6(Ny).

Finally, we observe that this implies for each basis element of U°!, we have §(u;) =
§(x:) for some decomposable x; € AT A, - (U@ V). Returning to the full differential
D, we rephrase this as follows: for each basis element u; of UM, there is some
Xi € ATA, - (UM @ V) for which D(u; — x;) € I({U*Y, V).

As in Example 2-6, we now change the basis in U, Define an isomorphism of
algebras ¢: AA, @A(U, V) — AA, ® A(U, V) on generators by setting ¢(u;) = u; — x;
for each basis element u; of U™, and ¢ = id on generators of A,,, U™ and V. Then
extend ¢ to an algebra isomorphism. Now define a differential by D" = ¢~' D¢, so
that ¢ becomes an isomorphism of minimal models ¢: (AA, @ A(U,V), D) — (AA,®
AU, V), D). An easy check now confirms that D'(A,,) = 0 and D’(U*) C [(U*, V),
as desired.

A similar argument is used under hypothesis (B). Here, if some coefticient aﬁj *£0

n (7), then the degree of Dv* must be at most 4s — 2. But under hypothesis (B),
terms in A*(U®"") start in degree 8s — 4 and terms in A" A, - AU start in degree
4s. In this case, therefore, whenever some a* ; F 0, then the remammg terms of (7)
do not include any in the ideal I(U®""). So suppose that v¥ is of suitable degree
for D(v*) to contain non-zero terms aﬁjuiuj. Display the terms in (7) as follows.
Write

k k
E a; juiuj + E P iuiu; + R; Uity
1<i<j<p 1i<j<p =l

+ P, + terms in I(AZ*V @ AZ*U°Y), (9)

j=l,....p

where Py, denotes a term from A" A,, and the coefficients Pikj and R¥ ; denote terms in



A" A,,. After applying D to this, we will consider only contributions in (A A4,,) - U°,
To this end, define a derivation § of A4, ® A(U,V) as follows. On generators from
U @V, set § equal to the part of D: U @V — AA, @ A(U,V) whose image is
contained in A*A,,. On the remaining generators, set §(U*") = 0. Applying D to (9)
and collecting terms in (AT A,,) - U yields

0= 5< Z aﬁjuiuj> +6< Z szjuiuj> + Z 6(Rﬁjvi)uj,

1<i<j<p 1<i<j<p

for each index k that has at least one coefticient aﬁj non-zero. From here, the argu-
ment proceeds exactly as that for hypothesis (A).

This completes the proof of the claim, under either hypothesis. By the first part
of the proof, the result follows.

There are other situations in which a similar approach gives an upper bound on the
toral rank. We give one more result that moves away from the quadratic differential
restriction.

THEOREM 2-10. Let A(U, V) be a two-stage minimal model with odd degree generators
only and assume that the two-stage decomposition displays V' with maximal dimension.
Suppose there are positive integers r and s, with v < s < 2r, for which U = U js (r —1)-
connected and (s + 1)-co-connected. Suppose further that there are positive integers t and
u, with s <t <u<<s+r, for which V is (t — 1)-connected and (u + 1)-co-connected. Then
rko(A(U,V;d)) < dim V.

Proof. 1f rko(A(U,V;d)) = n, then we have an extension (A4, ® A(U,V), D) with
finite-dimensional cohomology. In such an extension, from the assumptions on the
degrees of the generators, we must have Du; € AA,, for each generator u; of U. We
claim that in fact Du; = 0. Suppose the shortest length of any non-zero term that
occurs in some polynomial Du; is [. Then as in the proof of Theorem 2-9, define a
derivation d on U by setting du; equal to the term of length [ that occurs in Du,, or
zero if there is no such term. Define § to be zero on all generators of 4,, and V, and
extend as a derivation to AA4,, ® A(U, V). Without loss of generality, we can suppose
that the non-zero terms du; are linearly independent. Otherwise, we can change
basis within U to make these so. Next, consider Dv for a generator in V. We have
Dv = dv+x, for dv € AU and some x in the ideal of AA,, ® A(U, V) generated by A,,.
The (co)-connectivity hypotheses on V imply that Dv € AA, ® AU, for any v € V.
Therefore, Y € A*A,, ® AU and hence D(x) € A>'A,, ® AU. Consequently, when we
equate terms in A'A,, ® AU that arise in the equation 0 = D*v = D(dv) + D(x), we
have 0 = §(dv). By the assumption that non-zero du;’s are linearly independent, it
follows from an easy argument that du; = 0 for each u; that occurs in the differential
dv. Finally, our assumption that V is taken as large as possible implies that each
generator u; does occur in at least one differential dv. This implies that the shortest
length terms du; are zero, and an induction completes the proof of our claim, namely
that Du; = 0 for each u; € U.

So far, we have argued that in any extension (AA, ® A(U, V), D), our hypotheses
imply that D(U) = 0. Now an argument as in the second paragraph of the proof of
Theorem 2 9 shows that n < dim V.



CoroLLARY 2:11. Let X be a simply connected, elliptic space with two-stage minimal
model. If the minimal model satisfies either the hypotheses of Theorem 2-9, or those of
Theorem 2-10, then Conjecture 1-1 holds for X.

Proof. Combine Theorem 2-3 with the results mentioned in the statement.

It is natural to ask whether rky(X) < dim V — dim U®*" for a general two-stage,
elliptic space. This is not the case in general, as we illustrate in Example 3-1 below.
Indeed, under hypotheses that include all cases in which the two-stage minimal
model has odd-degree generators only, we can actually reverse the direction in this
inequality.

LeMMA 2-12. Suppose AU @ AV is an elliptic two-stage minimal model with U™ =
U for some fixed n € N. Then, rko(AU @ AV) = dim V — dim U,
Proof. Consider the extension sequence
(AUOdd,O) N <AU0dd ® AU ® A‘/v d) _ (AUeven ® A‘/, d_)
Since V' = VU the right-hand term is now pure (and elliptic) with U®"*" = U?", By
[Jes, lemma 3-3], there is an isomorphism of two-stage models
p: (AUGVBH ® A‘/y CZ) N (AUeven ® A(vl EB ‘///)7 Jl)

such that

(1) dim HAU®*" @ V', d) < oo,

(2) dim V' = dim U,

(3) p is the identity on U"*", and

@) p(V) C V' & V" & (AU @ (V! & V")),

These conditions imply that p induces an isomorphism V = V' @& V" and that
p 'tV V" CV @ ATUY @ V). We now extend p to an isomorphism of algebras

PAURANV — AUQAV @ V")

by letting it be the identity on AU. Define a derivation d’ on AU @ A(V' & V") by
setting d'U = 0, and d'v' = dp~'(v') for v/ € (V' & V”). In order to show that
p:(AURAV,d) — (AU AV & V"), d)
is an isomorphism of models, it suffices to show that (d')*v" = 0 forv' € V' & V", so
we compute:
(d)*" = d'(dp~'(v'))

e d(d(V ® (AU @ V))

c d'(AU)

= {0}.

Thus, we may assume that V = V° = V' ¢ V" with dim H(AU @ AV') < oo, and

dim V’ = dim U®*". Now suppose V' = (v, ..., v,), and define a K-S-extension
(AAn,0) — (A4, @ AU, V), D) — (A(U, V), d),
v, |+1

i

in which A,, = (ay,...,a,) with|a;| = 2, by Dv; = dv; +a; * ,andd = D otherwise. A
standard argument (using the associated pure model, as in the proof of Theorem 2 9),



now shows that dim H(AA, ® A(U, V), D) is finite-dimensional, so that rkgeA(U, V) >
n=dim V" = dim V — dim U**".

Jonsequently, we obtain values for the rational toral rank in the following cases.

CoRrROLLARY 2:13. Let X be a simply connected elliptic space with two-stage minimal
model AU, V). Suppose that the two-stage decomposition displays V' with maximal
dimension.
(1) If the minimal model has quadratic differential, satisfies one of the (co-) con-
nectivity conditions of Theorem 2-9 and also satisfies U™ = U™ for some fixed
n, then rko(X) = dim V — dim U*"".

(2) If the minimal model has odd-degree generators only, and satisfies the (co-) con-
nectiwity conditions of Theorem 2-10, then rky(X) = dim V.

Proof. Combine Lemma 2-12 with the results mentioned in the statement.

Remarks 2-14. We can specialize corollary 2-13(1) in a number of interesting dir-
ections. For example, if U" = 0, then we retrieve the identification rky(X) = dim V
of Theorem 2-5. As a second example, we can restrict to the case in which U = (.
This is the case in which the minimal model is pure with quadratic differential, and
also satisfies U = U*" for some fixed n. Here, we obtain rky(X) = —x.(X).

3. Examples, comments and questions

In this section we mention various examples and results. Our focus here is more
on the exact toral rank, rather than the bound of Conjecture 1-1.

3-1. The relation between tko(X) and dim V — dim U*¥"

We begin with the simplest example that we can find to illustrate that the inequal-
ity tko(X) < dim V' — dim U™ does not hold in general for a two-stage, elliptic
space with both even and odd generators.

Example 3-1. Consider the two-stage minimal model A(uy,us, us, uy, us, ug, w, v)
with Jug| = Jug| = |us| = 3, |uyg] = 7, |us
single non-trivial differential given by dv = w?* — uyususus — uyususug. The associated
pure model satisfied (A(U, V), dy) = (A(uy, us, us, Uy, uz, ug), de. = 0) @ (Alw,v),d,),
with dy(w) = 0 and d,(v) = w?. Now H(A(w,v),d,) = A(w)/(w?), so (AU, V),d) is
elliptic.

The two-stage decomposition U = (uy, ua, ug, ty, us, ug, w) and V = (v) displays V'
with maximal dimension, so we have dim V — dim U®*" =0. We now show that
rko(A(U,V))) = 1. Let a be a generator of degree 2, and define a differential
D on Aa ® A(U,V) as follows: Da= Du; = Duy = Dus = Duy=Dw=0, Dus=a*w,
Dug = a*wujuy and Dv=w? — wjupusus — ujupusug + a'® — auguy. A straightfor-
ward check shows that this defines a differential. We show that (Aa ® A(U, V), D)
has finite-dimensional cohomology. The associated pure model in this case is
(Aa@ AU, V), D,) = (A(ug, uz, ug, uy, ug), Dy = 0) @ (Aa, w, us, v), D), with D,a =0,
Dy(w)=0, Dous=a*w and Dy,v=w? + a'®>. We observe that D,(a*v)=a*w® +
a*' = D, (usw) + a*', hence D,(a*v — usw)=a*', so [Hal, proposition 1] shows that
H(Aa® AU, V), D,) is finite-dimensional. It follows that H(Aa® A(U, V), D) is finite
dimensional. Thus rky(A(U, V))) > 1.

=23, lug| = 27, Jw| = 18 and |v| = 35, and the




We assert that more work will show rko(A(U,V))) = 1 in Example 3-1. We also
remark that whilst Conjecture 1-1 does not follow from Theorem 2-3 in this example,
it is nonetheless easily confirmed here.

Next, we specialize to the case of odd generators only. Unfortunately, this restric-
tion alone does not give us the inequality rky(X) < dim V. The following example lies
immediately outside the hypotheses of Theorem 2-10, at least as far the generators
of U are concerned.

Example 3-2. Let AW = AU, V) = A(uy, ug, us, ug, uz, vy, v2) be a two-stage min-
imal model with degrees and differential as follows: |u;| = |ug| = |us| = |uy| =3, |us| =7,
[vi] =9, |va] = 11, du; = 0 for each i, dv; =ujus and dvy = ujusuzuy. Then dim V =2,
We show that rko(AW)>=3. First we describe an extension AA® AW, D, with
A={(ay,az,a3). Set D=0 on {ay,as,as, ui,us,u3}, and Duy=—a}, Dus=a;uus,
Dvy =ujuz + a) and Dvy = ujusuguy + ususay + al. A straightforward check shows
that D is a differential. We argue exactly as in the latter part of Example 3-1 to show
that H(AA ® AW, D) is finite-dimensional. It follows that rko(AW) > 3.

Once again, Conjecture 1-1 does hold for Example 3-2, although we are unable
to conclude this from our preceding results. To see this, use [APb, theorem 4.6] to
conclude rky(AW) < 5. (In Example 3-2, the differential dv; = u;us means that u; and
us correspond to non-central generators.) Moroever, the fibration with u, as base has
fibre A(ug, us, uy, us, vy, v2) with zero differential, and A(us, us, uy, us) is clearly in the
kernel of the associated Wang derivation 6*. As in the proof of Theorem 21, we
conclude that dim H(AW)=2dim ker 6* > 2.2*=2% > orko(AW)

Another example in which rky(X) > dim V —dim U**" is given in Example 3-3. On
the other hand, we currently have no example of a two stage minimal model for which
rko(X) < dim V — dim U®*". This leads us to wonder whether the hypotheses of
Lemma 2-12 might be relaxed considerably. Note that in certain cases, the inequality
rko(X) = dim V —dim U®*" can be combined with other information to identify the
toral rank, and we have seen instances of this in Corollary 2-13. As another example,
whenever this latter inequality holds in a pure case, it identifies the toral rank as
equal to —yx, (cf. Remarks 2-14).

3-2. Products

Now we consider the question of how the toral rank behaves with respect to
products. Although our previous results concerned the two-stage case, the comments
here are not restricted to that case. It is easy to see that, in general, we have the
inequality rko(X x Y) > rky(X) + rky(Y). The following example shows that we may
sometimes have strict inequality.

Example 3-3. Consider two-stage, elliptic minimal models M = A(x,y) with |z| =
12, ly] = 23, and dy = 2*; and N = A(uy, us, us, uy, us, ug, w,v), with |ug| = |us| =
lus| = |ug| = 3, |us| = 5, |ug| = 19, |w| = 18, |v| = 35, and dv = w* + wurusu usug, all
other differentials being zero.

The homotopy Kuler characteristic bound yields rko(M) = 0. We will show that
rky(N) = 0 by arguing that any extension of the form (Aa ® N, D) cannot have
finite-dimensional cohomology.



Let U = (uy,...,us) and denote Al d g = @k _ A U’'. For degree reasons,
any such D satisfies Du; = a;a®, fori = 1,...,4, Dus = aza®, Dug = aga'” + paw + @,
and

Dv = w* + wyususususug + w + ugl + Q, (10)

where the a; and pu are scalars, ®, Dw € Ata ® A'U',T € A*%a @ AU and
Y.QecAa® AU'".

Our strategy is to show that each o; = 0, and then to follow a similar argument
as in previous examples. Applying D to (10) and equating terms that contain ugs, we
find

4
5 R .
0= g +a,auy -y ugus + ug - ugasa® — DT
=1

Since DT € AZ°a®@ AU’, we immediately find o;; = 0 fori = 0,...,5, and so DU’ = 0.
Now, 0 = D*ug = paDw. So either p = 0 or Dw = 0. Moreover, the w component of
D?v being zero implies that

0=2Dw — pauy - - - uz + pal’.

If p = 0, then this equation implies Dw = 0. On the other hand, suppose 1 # 0. Since
I € A%%a @ AU'SHU, by multiplying this last equation by pa, we conclude that in
fact = 0, and hence that Dw = 0.

The equation D*v = 0 now implies

0=—aga"u;--uz+ (aﬁa“’ + (I))F. (11)

Suppose ai # 0. Then, upon considering the component of (11) in A*a @ A'U’, we
find that ' € Ata® A’U. Since ® € Ata® AZ>U’, this shows that @I’ € Ata® A°U’.
Thus, (11) now yields I' = 0 and so o = 0 in any case.

The argument so far has shown = o; =0 fori =1,...,6. Therefore, for any min-
imal model (Aa ® N, D), the corresponding pure model satisfies (Aa®@ N, D,) =
(A(uy, ug, us, Uy, us, ug), 0) @ (A(a,w,v), Dy). Since (A(a,w,v),D,) has homotopy
Kuler characteristic x, =+1, it cannot have finite-dimensional cohomology, and
hence neither can (Aa ® N, D,). As before, it follows that (Aa ® N, D) does not
have finite-dimensional cohomology, and hence that rky(N) = 0.

Now consider the product M @ N'. We show that rky(M @ N) > 1, by displaying
an extension (Aa @ M ®@N, D), in which H(Aa® M ®N, D) is finite-dimensional.
The differential is as follows: Dz =ujususa®, Dy =2 + 2uuga, Duy = Dus = Duy =
Duy =0, Duy = a®, Dug = usugza, Dw = 0 and Dv = w? + u s Us Uy Us Ug + TaAULUG +
ya*ususuy. A careful check reveals that this defines a differntial. The associated pure
model is now (Aa ® M ® N, D,) with the only non-trivial differentials D, (y) =7,
D, (us) =a* and D, (v) =w?. This is easily seen to have finite-dimensional cohomology,
and hence so does the extension (Aa ® M ® N, D). Therefore, we have rky(M ®
N) = 1> rko(M) + rky(N).

Discussion 3-4. Recall that rk(X) denotes the actual toral rank (rather than
its rational counterpart) for a finite complex X. It is easy to see that the in-
equality rk(X X Y)>rk(X)+rk(Y) holds in general — one takes the obvious
product action. The minimal models of Example 3-3 can be realised as the mod-
els of honest ‘geometrical’ spaces. M = A(z,y) is the minimal model of S'*.

= A(uq, us, ug, Uy, Us, g, w, v) is the minimal model of a sphere bundle over a



product of odd spheres. We sketch this: take S=.5%x 8% x §% x 8% x §% x S so0
that S has minimal model A(u,, us, us, uy, us, ug) with zero differential. S has dimen-
sion 36 and by pinching the 35-skeleton to a point, we obtain a non-trivial map
q: S — 5%, Composing this with a suitable map p: S*® — BSO(19) to the universal
bundle BSO(19), we obtain a non-trivial map S — BSO(19). Pulling back the univer-
sal real oriented line bundle to one over S, via this map, we obtain a real oriented line
bundle R — E — S. Finally, taking the unit sphere bundle gives a sphere bundle

S¥ Yy — 8.

We assert that this sphere bundle Y has minimal model N, as in Example 3-3. Our
assertion can be justified by a consideration of the possible forms that the minimal
model of Y can take, bearing in mind the construction of Y. Our main point here
is simply to indicate how N corresponds to the minimal model of a reasonable
space. As in Example 3-3, rko(X) = rko(Y) = 0 and this is sufficient to conclude
rk(X) = rk(Y) = 0. On the other hand, we have rko(X x Y) > 1, but this is not
sufficient to conclude rk(X x Y) = 1. We are left with the following intriguing
question: does this space X x Y admit an almost-free circle action? Note that by
[Halb, proposition 4-2], there is a simply-connected, finite complex that admits a
free circle action and which has the rational homotopy type of X x Y.

The preceding examples and discussion give rise to a number of interesting ques-
tions. Generally, it would be useful to have conditions under which the equality
rko(X X Y) = rko(X) +rko(Y) either holds, or does not hold. Various special cases are
also of interest. For instance, we can ask when does 1ky(X x S%"*1) = rky(X) + 1? We
note that Halperin has an example in which rky(X x S?"!) > rky(X) + 1. As another
special case we could ask whether, for an n-fold product of a space with itself, we
have rko(X™) = nrky(X)? At present, we know of no example where equality does
not hold. Finally, we note that, as in the discussion above, it is reasonable to ask all
these questions in the integral setting, too.

3-3. The Gottlieb group

An interesting suggestion arising from Theorem 2-3 is a connection between 1k (X)
and the dimension of the Gottlieb group. We recall that the nth Gottlieb group is the
subgroup of 7,(X) of elements a = [ f] such that (f,id): 5" VX — X extends to a
continuous map 8" X X — X. In terms of a minimal model (AW, d), this corresponds

[FHT, p. 392] to the subspace
G (X) = B € (W™)*| 58 extends to a derivation 0 of degree —n of (AW, d)
e such that df — (—1)"0d =0 [

In the two-stage case, with all generators of odd degree, the minimal model can be
written so that dim V' = dim G, (X). Thus we have the following observation:

COoROLLARY 3-5. Suppose X has minimal model that vs two-stage with odd-degree
generators only. Suppose that G..(X) denotes the rational Gottlieb group of X. Then
dlm H(X) 2 Qdim G*(X).
An examination of Example 3-2 shows that we can have rky(X) > dim G.(X).

Next, we illustrate that the dimension of the Gottlieb group can exceed the toral
rank by an arbitrary amount.



Example 3-6. For each n > 1, we describe an (n + 1)-stage model M,,. Set M,, =
A(xy, T2, Y1y 21, Y2y 22, + + o Yn—1s Zn—1, Yn). For degrees we have |x;| = 3 and |z;| = 3 for
each i. The degrees of the y; are chosen to be compatible with the differential, which
is as follows: d(x;) = 0 and d(z;) = 0 for each i, then

d(yi) = z1T2
d(yz) = XT1T2Y121
d(ys) = T T2y 21Y222

d(Yn) = T(Z2Y121Y222 = * * Yn—1 Zr—1 -

For each n, one can show that dim G.(X) = n, but rky(X) = 1. Further, a direct
computation shows that dim H(X) = (1/3)4"*" +2/3.

These considerations suggest the following question:

Question 3-7. Let X be a finilte complex with rational homotopy groups non-zero in
odd degrees only. When is dim H(X) > 24im G-(X)p

In spite of the apparent difficulty in establishing Conjecture 1-1, it would appear
that the conjectured lower bound of 2"&X) underestimates the dimension of the
cohomology, in many cases quite seriously. This is supported by examples such as
Example 3-6, |APb, exercise 4-5] and analogous computations of the cohomology of
nilpotent Lie algebras, such as [ACJ]. It is possible that the lower bound suggested
in Question 3-7 might give a closer estimate in some cases.
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