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BOUNDARY AND INTERIOR LAYER BEHAVIOR IN A
TIME-DEPENDENT SINGULARLY PERTURBED SYSTEM

S. SHaO

Key words and phrases: Boundary layer, interior layer, singularly perturbed system.

1. INTRODUCTION
WE CONSIDER the time-dependent singularly perturbed system of partial differential equations
Uy = Uy — U {x, t) in (0, 1) X (0, o0),
u(x, 0, ) = ¢,(x, &) xin [0, 1],

u(0,t,e) = u(l,t,e) =0 tin [0, o), (1)
v, — flu, u)v, + glx, u, U v = ev,, (x, 1) in (0, 1) X (0, ),

vx,0,8) = ¢y(x,8)  xin [0, 1],
v(0, 1, 8) = vy, v(l,t, &) = v, tin [0, oo},

where ¢ is a small positive parameter, f(u, u,) = A(u) or A(u,), #1(0) = O and g(x, v, u,) = 0. We
assume that df/du and 8f/3u’ do not change sign in [0, 1] X [0, «), ¢; (i = 1, 2) are continuous
and |¢;|. (i = 1, 2) are bounded in [0, 1] for all £ > 0, where |¢|, is defined as the L®-norm of
¢, finally f(u,u,) and g(x,u,u,) are of class C"[0, 1]. The corresponding steady-state
equations of such a system have been studied by Dorr, Parter and Shampine [1, 2], Howes and
Shao [3], Harris and Shao [4] and Shao [5]. The steady-state solution (time ¢ tends to infinity)
of (1.1) is stable with respect to all initial perturbations as ¢ — 0* in [0, 1] and the solution v
is asymptotically stable except at the points which the function f(u, u,) vanishes (cf. [5]). It is
natural to seek an answer to whether the steady-state solution can be generalized to the time-
dependent system (1.1). Moreover, such equations in (1.1) are related to a physical model of the
homogenization of a passive tracer in a flow with closed mean streamlines. Rhines and Young
[6] discussed the process of expulsion of the gradient of the passive scalar, they studied the
initial-value problem

8, + Jy, 6) = k v?0,
f(x, y,0) = 8y(x, »),

where w(x, y, t) is the streamfunction of the flow, 6 is the passive scalar and k is the diffusivity.
In a steady plane shear-flow, the tracer equation becomes 8, + U6, = k V20, here U is the
velocity of the flow. For certain initial values of @ (for example, 8(x, v, 0) = cos kx or sin kx),
Rhines and Young derived mathematical expressions of the solution of system (1.2) and gave
a physical explanation of how rapidly the passive scalar 6 is homogenized by interacting the

(1.2)



velocity field and the diffusivity. However, for small k, the behavior of the solutions & of the
system with more general initial conditions is not known. The v-equation of (1.1) is a simple
analogue of Rhines and Youngs’ model with a more general initial condition
ux, t, €) = dy(x, £).

In the spirit of Howes [7], applying singular perturbation theory and utilizing differential
inequality techniques, we first provide the asymptotic behavior of the solutions as ¢ = 0" of
system (1.1) for a finite time (f = 7 < o). The asymptotic solutions of (1.1) are in terms of the
solutions of the associated reduced equations

U=U,-V, Ux0=a¢), UW,1) =Ul,rt) =0,
V;‘ _f(U’ Ux)Vx + g(x, U’ Ux)V = O;
V(x, O) = ¢2(x)’ V(O’ t) = v()’ V(lv t) = v]

and supplemented by appropriate boundary layers as well as interior layers. Our results show
that the initial data of # and v play critical roles in the determination of the asymptotic solutions
of system (1.1) as ¢ — 0% for the case f(u, u,) = h(u), the boundary data of v will effect the case
flu, u) = h(u,) as the steady-state solution of the system. We hope our results may provide
deeper understanding of the related physical problems, such as some problems in fluid
dynamics.
2. DEVELOPMENT
Let ¢ = 0, we consider the associated reduced system of partial differential equations
U{ = Uxx - V!
Ulx, 0) = ¢,(x), U@,y =Ud, =0,
I/l _f(U’ Ux)Vx + g(xr U’ Ux)V: 09

Vix, 0) = ¢,(x), V@, 1) = v, V{1, t) = v,.

Q2.1

We notice that the V-equation of (2.1) is a reaction-convection-diffusion equation. The
U-equation (as well as the u-equationin (1.1)) of (2.1} is an initial-boundary value problem for the
nonhomogeneous heat equation and its solutions are explicitly known (cf. [8, 9]). The exact
solution U(x, t) can be obtained by classical methods. That is,

© 1 1
U, t)y = Y 2e @ Iij {d)l(x) - j V(x, 7) e dr} sin nnx dx] sinnnx. (2.2)
n=1 0 0
The solution U = U(x, t) depends on the initial condition ¢, and the solution V = V(x, t) of the
V-equation of (2.1). For a finite time ¢ < 7, there exists a locally unique solution of (1.1) as
¢ = 0" which is close to a solution of (2.1), except in the neighborhoods of the boundary layer
and interior layer where the second derivative of v becomes large as ¢ — 0% (cf. [7]). We look
for such a solution of (1.1) as ¢ = 0% by seeking a reduced solution (U, V) of (2.1), which
satisfies the original data on the subsets of the parabolic boundary B = {(0,7): 0 < ¢t < T} U
{(x,0):0 = x < 1} U {(1, 1): 0 < t < T} where the characteristic curves of the V-equation enter
Q = (0,1) X (0, T). The solution (U, V) supplemented by appropriate boundary layer and



interior layer correction terms describes the corrected asymptotic behavior of the solutions of
(1.1) as ¢ = 0™ (cf. [7]).
We begin by introducing some results in [7] to study the V-equation of (2.1)

Vi = U, U)V, + glx, U, U)V = 0. (VE)
The characteristic direction of (VE) equals [-f(U, U,), 1]. We define w(x, t) = tx(x — 1),

dw dw
ax’ ot

o(x, t) = [-A(U, U, 11 - [ } and B=B_UB,UB.,

here
B, ={(x,t) € B:o(x, t) < 0},

B, = {(x,t) € B: g(x, t) = 0},
B, = {(x,t) e B:a(x, t) > 0}.

Then we have Q = (0,1) X (0, T) = {(x, 1): wlx, t) < 0} and [dw/dx, dw/dt] is the exterior
normal to the boundary B\{(0, 0)}\{(1, 0)}. Therefore, we seek the reduced solution V of (VE)
that must satisfy the given initial-boundary data on B.. The boundary layer of width O(e)
occurs on B, and we have a boundary layer of width O(¢!’?) on B, because the boundary layer
itself is a characteristic [7]. Moreover, (i) V(0, t) = v, if f(U(0, t), U,(0,¢)) < 0 for all ¢ in
[0, T1; (i) V1, t) = v, if AU, 1), U, (1, t)) > 0for all ¢in [0, T]; (i) if (U0, t), U,(0, t)) or
SfU, 1), U,(1, ) change sign in [0, T'], then V(i, t) = v; if fYU(, ¢), U, (i, 1)) < 0 for some ¢
in [0, T'], i = 0, 1, here

SO, 1), U0, 1) if i
AU, 1), U, (1, 1)) if §

0
1.

SHUG, 1), Ux(i, 1)) = {

These results follow from (0, ¢) < 0 if f(U(0, t), U,(0,t)) < 0 and 6(1,¢) < 0 if

SUA, 0, U,0,18) >0
for all ¢ in [0, T']. Since

d
6(x, 0) = [~A(U(x, 0), Uy (x, O), 1] - [L" aw]

ax’ ot |,
= (-flUx,0), U,(x,0),1)- (0, -1) = -1 <0,

we have that the reduced solution V satisfies V(x, 0) = ¢,(x). Therefore, it turns out that we
need to determine the behavior of f(U, U,) to solve system (1.1). In order to simplify our
following discussion, we study the two cases (A) f(u, u,) = h(u) and (B) f(u, u,) = h(u,)
separately.



3. CASE A: f(u, u) = h(w)

Consider now the following initial-boundary value problem
U, = Uy, — U, (x,¢)in (0,1) X (0, T),
ux, 0,¢) = ¢,(x, &), u(©,t,¢&) = u(l,t,e) =0, xin [0, 1], rin [0, T],
v, — b, + glx, u, uv = ev,,, (x,t)in (0, 1) x (0, T), (MI)
u(x, 0, €) = ¢,(x, &), x in [0, 1],
v(0,1, €) = vy, v(1,t, ) = vy, tin [0, T].
The reduced equations of (MI)

U=Uyx -V,
U, 0) = ¢,(x), U©,1)=U(dl,t)=0,
Vi = )V, + g(x, U, U)V = 0,
V(x,0) = 6,00, V(0,1 =v,, W(1,1) =u,.

Since A(U(0, t)) = 0 = A(U(1, t)) by h(0) = 0 for all ¢in [0, T], we have x = 0 and x = 1 are
also characteristic curves of the V-equation. These dramatically simplify our studies of the
solutions of (R1) because the characteristic curves of the F-equation enter Q = [0, 1] X [0, T]
through ¢ = 0 only; see Fig. 1 (note that the characteristics are not straight lines unless the
function A(U(x, t)) is a constant). It follows that the initial value problem of the V-equation has
the solution which satisfies

Vix, t) = ¢Z<x — S h(U(x(1), 1)) dr>[exp {—g glx, Ulx, 1), U, (x, 7)) drﬂ 3.1

0 0

(R1)

on B_ = {(x, t) € B: 6(x, t) < 0} = B. The boundary layer of width O(¢'/?) displays at x = 0
and x = 1 (cf. Section 2). Therefore, as ¢ = 0 we have the solution of (MI)

v(x, t, ) = ¢>2<x — S h(U(x(7), 7)) dr>[exp {—j glx, Ulx, 1), U.(x, 7)) dr}]
0 0

+ BL(x = 0) + BL(x = 1) (3.2)
t=T
A A A A A
=0 { ! | ] l
x=0| I | | I <=1
| 1 | | |

Fig. 1. The characteristics of the V-equation.



and

© 1 t
ukx,t,e) = Y 2 e“’”’)z’[g {dn(x) - X u(x, T, £) € dr} sin(nmx) dx} sin(nzx)
0 0

n=1

for (x, t) in Q,

_ _ x exp[—at}
BL(x =0) = O(v0 erf[al/zx/Za xpar 1)]> 3.3)

hereifg = 0

and

(3.4)

Mﬁ=n=oQﬁ4:“—ﬂwwwnJ>

eV 2b exp(2bt — 1

a and b are constants, erf is the error function.

We note that the structures of the boundary layers in (3.2) are invariant under different
boundary values v. We shall make a comparison between (3.2) and the steady-state solution of
system (MI) in Section 5.

4. CASE B: f(z, u,) = hix,)
We first consider the second submodel of (1.1) where f(u, u,) = h(u,), g =0,
Uy = Uy — U, (x,t)in (0, 1) x (0, T),
u(x, 0, &) = ¢(x, &), u(©,t,¢& =u(l, t,8) =0, xin [0, 1], ¢ in [0, T]
v, + h(u)v, = gv,,, (x, ) in (0, 1) x (0, T), (MII)
v(x, 0, &) = ¢,(x, ), x in [0, 1],
0, ¢, &) = vy, w1, ¢ e = vy, tin [0, T]
and its associated reduced system of partial differential equations
Uy=U, -V,
Ulx, 0) = ¢,(x), U@, ) =Ul1,rn =0,
Vi — h(U)V, = 0,
Vix, 0) = ¢,(x), V(0,1) = v, V(l,t) = v,.

We see immediately that U, # 0 at both x = 0 and x = 1 even though U0, ¢) = U(1,¢) = 0. It
makes it possible for the characteristic curves of the V-equation to enter Q through the
boundary x = 0 or x = 1. To illustrate the effect of the driving term A(U,) on the behavior of
solutions of the V-equation, we consider first the solution U of (R2),

(R2)

© 1 t
U=Ux,t)= Y 2 e'(”")z’[g {d:l(x) - j V(x, 7) @™ dr} sin nx dx] sin(nmx). (4.1)
0

n=1 0

The partial derivative of U with respect to x is

w ~(m2 [ 1 ¢
Ux,t) = ¥ %en_ [j {qﬁl(x) - S Vix, 1) e dr} sin nax dx} cos(nnx) (4.2

n=1 n 0 0



(we can differentiate this Fourier series U term by term because U(0, ¢) = U(1, ) = 0 and U,
are piecewise smooth). Then we have the following theorem.

THEOREM. If u(x, t, €) and wv(x, ¢, ) are solutions of (MII), then as ¢ = 0%,
) 1 t Y
ux, t,&) = Y 2e‘(’”’)2’|ij {q&l(x) - j u(x, T, ) e dr} sin(nmx) dx} sin(nnx); (4.3)
n=1 0 0
(a) if {3 ¢,(x) sin(nnx) dx = O for each positive integer n, then
() vix,t,e) =V +IL(x=1t) + BL(x=1) + BL(x = 0) forvy=<0,v, <0,

in addition, if 2 [} ¢,(0) sin(nax) dx + (v.(1 — e""™*))/(nn)* < 0 for some ¢ = ¢, (i = 0, 1),
here v,, = max{v,, v}, then

] vy in Qa
(i) v(x, t,¢€) = + IL(L1) + BL(x =1) + BL(x =0, t < t,)
Vin Qb

for v, = 0, v, = 0;
v, in Qc
(iii) v(x, 1, ¢€) = + IL(L2) + BL(x=0)+ BL(x=1,t=< t))
Vin Qd
for v, =0, v, = 0;
@iv) v(x, t, &)
V*in Q2
= + IL(L4, x < x*) + IL(x = x*, t = t* + IL(L5, x = x¥%
Vin Q1
for vy = 0, vy = 0, where
vo in Q2a, _
V* = Q2 = Q2a U Q2b, Q1 = Q\Q2,
v, in Q2b

for the locations of Q2a, Q2b, L3, L4, LS, t* and x*, see Fig. 4; Qa and Qb, Q¢ and Qd are
the subdomains in Figs 2 and 3, respectively, L1 and L2 are the characteristic curves of
V-equations, see Figs 2 and 3.
(b) If {§ #,(x) sin(nnx) dx < 0 for each positive integer n, then
V** in Q4
i) vix,t, ¢€) = { 03 + IL(L4, x < x¢) + IL(x = Xy, t = tg) + IL(LS, x = x,)

for v, = 0, v; = 0, where

Vo in Q4a, _
prx = Q4 = Qda U Q4b, Q3 = Q\Q4,
v; in Q4b

Q3, Qd4a and Qd4b are defined as the subdomains Q1, Q2a and Q2b in Fig. 4.
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Fig. 2. The characteristics of the V-equation.
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Fig. 3. The characteristics of the V-equation.
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Fig. 4. The characteristics of the V-equation.



. vy in Qc
(i) v(x, t, ¢) = + IL(L2) + SL(x = 0) forv, < 0, v, = 0;
Vin Qd

. Vg in Qa
(iii) v(x, ¢, &) = + IL(LY) + ZL(x = 1) for vy = 0, v, < 0;
Vin Qb
where V(x, t) = ¢,(x — {{ h(U,(x, 1)) d7), BL(x = i) represents the boundary layer at x = i
(/ = 1, 2) defined as BL(x = i) = O(V(i, t) + (v; — V(i t)) explh(Ux(i, £))(i — x)/€""?]); while
IL(t + ax = b) represents an interior layer of a solution with the form
wofort+ax=5b

Wix, t,¢) = and
w fort+ax=<bd

—|t + ax — b|
Xp T

—(t + ax — b)*
+ O(fwl - W, exp[(—;ﬁ;—)}> + O@Y?),

dw;  dw,

- b)) — 172
IL(t + ax = b) O<8 p n

a and b are constants, dw/dn defined by [dw/dx, dw/dt] - [ny, ny), n = [n,, n,] is the outer unit
normal to the subdomain {(x, #): f + ax — b < 0}. SL(x = 0) in (b) (ii) means an interior layer
near x = O with

vofor0=x=<d ( /22
f— x -—
SL(x = 0) = + O<(v1 - vp) exp[——gl,2 D + O(e'?),

vyford=x=<1-4§
and in (b) (iii),
vofor0=x=<1-46

_ _ _ 2
ZLx = 1) = + 0<(u0 2 exp[ b 811/2 92 D + O("?)

vyfort —d=x=1

is an interior layer near x = 1, and 0 < & = O(¢'/?).

Proof. Equation (4.3) follows immediately from (4.1). The initial value problem for the V-
equation V; — A(U)V, = 0, V(x, 0) = ¢,(x) has the solution V(x, ) = ¢,(x — [} H(U,(x, 7)) d7)
in some subset of Q. From (4.1), we have

) 2e—(n7l')21 1 t N
U, 0,t) = ¥ [j [dﬁ(x) - j Vix, 1) e 7d‘[} sin nnxdx]

n=1 N7 0 0
and
= 9 e—(mr)zt 1 4 ;
Uu@,n= Y {j {q&l(x) - S V(x, 7) ™™ ’dr} sin nnxdx](—l)".
n=1 N7 0 0

Since U,(0,¢) < 0 implies A(U,0,1)) <0 (U,(1,#)) >0 implies AU,(1,1)) >0 (cf.
assumptions in Section 1), by the discussion in Section 2, the characteristic curves of the



V-equation also enter Q along the boundary x = 0 (x = 1)if U,(0, t) < 0 (U,(1, t) > 0) for the
portions of ¢ = x. It also follows that

CD) Vix,t) = v, if U,(0,f) <O forallt=¢, = x,

(C2) Vix,t) = v, if U,(1,¢) > O for all ¢ = ¢, = x (cf. Section 2).

In other words, if U,(0, ) > 0 for all £ = ¢, = x then there must be a boundary layer at
x =0, and U(1,t) < 0 for all ¢ = ¢, = x there is a likewise boundary layer at x = 1. If both
conditions (C1) and (C2) are satisfied then there exists an interior layer for some #, = x for
vy # v;. Based on the above analysis and conditions, we can now verify our results.

(a) If f(l) ¢, (x) sin(nrx) dx = O for each positive integer n, since

* 9 ~mm2t [ (1 ) 1 — —(nm)2t .
U0, t) = gl—eE— L So () sin(amx) dx + &(n—;f—)(l — (=) )} >0 (4.4
and
oo ~(nm2t | (1 _ a—{(nm2t
U=y 2 S (0 sinnmxdx + 20— ) _ (—1)-")}(—1)" <0
n=1 NN L Jo (nm)

for vy, = 0, v, = O0and for all ¢in [0, T'], (C1) and (C2) imply that the only asymptotic behavior
of the reduced solution of V'is then the boundary layer of width O(¢) at both x = O and x = 1,
and the characteristic curves of the V-equation enter Q through the boundary ¢ = 0 only.
Therefore, the solution v of (MII)

vix,t,e) =V + IL(x=t)+ BL(x=1) + BL(x = 0) for v < 0, v; < 0
as ¢ = 07, where boundary layers BL(x = i) (i = 1, 2) are defined by
BL(x = i) = O(V(i, t) + (v; — V(i, ) explh(Ux(i, )i — x)/¢'"?]),

all the interior layers 7L will be provided at the end of our proof.
However, if v, = 0 or v; < 0 and also 2 [} ¢,(x) sin(nnx) dx + (Vp(1 — e~ "*))/(nn)* < 0
for some ¢t = ¢, > x, (i = 0, 1), then

o —(nm2t 1 . a—(nmt
U,0,0)= ¥ 2—°——H 1(x) sin(n7x) dx + v—°(lo1+)3—)(1 - (—1)—")] <0 (@.5)
0

n=1 nn
for some ¢ = f, = x. The characteristic curves enter Q through the sides ¢ = 0 and the portion
of x = O with ¢ = t,; see Fig. 2. We then have V(x, t) = v, in Qa by (C1) and (C2). The bound-
ary displays at x = 1 and x = 0 with ¢ < ¢,. Since the reduced solution V is nonsmooth at L1
we must supplement it with an interior layer (cf. [7, 10]). The following results hold

. vy in Qa
(i1) u(x, t, &) = + IL(L1) + BL(x = 1) + BL(x = 0, t < 1,)
Vin Qb

for vy = 0, v; = 0, IL(L1) represents interior layer at L1.
For v, = 0, v, = 0, we have

© 2 —(nm)2t i 1 - —(nm32t
U= % 2 || g,0sinnmredx+ 2020
n=1 N 0 (nm)

a- (—1)‘")](—1)" >0



for some r=¢ =x and 2{}¢,(x)sin(rnx)dx + @, (1 — e ")) /(nn)> <0 for some
t = t; > x, it follows that V(x, ) = v, in Qc by (C1) and (C2). The characteristics L2 of the
V-equation in this case are illustrated in Fig. 3. By the same arguments as in case (ii), we
obtain (iii)

vy in Q¢
vix, t, &) = o ad + IL(L2) + BL(x=0) + BL(x=1,t=< 1) forv, <0, v; = 0.

(iv) If 2 {3 ¢,(x) sin(nrx) dx + (v,,(1 — e" ")) (nn)® < 0 for some ¢ = ¢, (i = 0, 1), for all
n,and vy = 0, v; = 0, we have U, (0, ¢) < Oand U,(1, ) > O for some ¢ = ¢; (i = 0, 1), respec-
tively. The reduced solution ¥ must satisfy both boundary conditions, that is, ¥(0, ¢) = v, for
t = tyand V(1, t) = v, for £ = ;. It implies that there exists an interior layer at (x*, r*) where
(x*, t% is the intersection of three characteristics L4, L5 and L3; see Fig. 4. Another two
interior layers display at L4 for x < x* and L5 for x = x* because of the nonsmoothness of V
along those two curves, L3: x = x*, t > t*. Hence, as ¢ — 0%, the solution

V*in Q2
vix, t,e) = + IL(L4, x = x*) + IL(x = x* t = t*) + IL(LS, x = x%)
Vin Q1

for v, = 0, v; = 0 follows, here

vp in Q2a, _
V* = Q2 = Q2a U Q2b, Q1 = O\Q2,
v; in Q2b

for subdomains Q2a, Q2b and Q1, see Fig. 4.

The proof of all four cases in (a) is now complete.

() If {§ ¢,(x)sin(nnx) dx < O for each positive integer n, then vy = 0 and v, = 0 imply
U.(0, t) < 0and U,(1, t) > 0 for all #in [0, 1] (cf. (4.4)). Conditions (C1) and (C2) tell us that
(0, t) = vy and V(1,t) = v, for all ¢ in [0, T]. Therefore, an inferior layer displays at x = x,
in (0, 1) with t = x,. Since

t

Vix, t) = ¢2<x - S AU, (x(7), 7)) dr) on Q3

]

we must have the interior layer at L4 with x < x, and L5 with x = x, to supplement the reduced
solution V in this case. This then leaves us with the solution v of (MII) satisfying (i)
V**in Q4
vix, t, &) = + IL(L4, x < xp) + IL(x = Xy, t = tg) + IL(LS, x = xp)
Vin Q3

for v, = 0, v; = 0 as ¢ = 0", where

Up in Q4a,
VE* = Q4 = Q4da U Q4b,
v, in Q4b

Q3, Q4a and Q4b are defined as the subdomains Q1, £2a and Q2b in Fig. 4.



When v, < 0, v; = 0, we first notice that the reduced solution V(0, ) = v, for all #in [0, T],
since v; = 0 and [} ¢,(x)sin(nnx)dx < 0 for each positive integer n imply U,(1,?) > 0.
Unfortunately,

_ o ze—(n‘lr)zt 1 ] Ul(l _ e-(mr)zt) .
U, 0,1¢) = nng I: So ¢,(x) sin(nnx) dx + T(l - (-1 <0

for all #in [0, T'1, (C1) tell us that the reduced solution ¥ must satisfy the boundary condition
at x = 0. However, since v, < 0 in this case, the inequality of (4.5) is not true (in general), we
have ¥(0, t) = yoon x < J < 1. The behavior of the reduced solution ¥V near x = QO is described
by an interior layer called the S-layer (SL{x = 0}) since v, < v, with

_ _ 2
+ o(w, — vy exp'i—(x—sl/f—/z)—}> + OV,

0<d=03EYY,

vofor0=x=<d
SL(x =0) =
vyforo=x=<1-6

and V is also supported by an interior layer at L2. The v solution of (MII) satisfies (ii)
v, in Q¢
v(x, t,e) = + IL(L2) + SL(x = 0) for v, < 0, v; = 0 as ¢ ~ 0*.
Vin Qd

We finally reach the last case v, = 0, v, < 0 of (b). This case is just the reflection of the
previous one. Let y =1 — x, M(y,t) = —U(l — y,t) and N(y,t) = —=V(1 — y, 1), then the
previous results can be applied to the new system. Therefore, we obtain that the solution v of
the original system (MII) satisfies

vy in Qa
(iii) vix, t, &) = + IL(L1) + ZL(x =0) forv, =0, v, <0 and
Vin Qb

§o @1(x) sin(nmx) dx < O for each n as ¢ = 0%, where ZL(x = 1) is an interior layer near x = 1
with

vofor0=x=<1-6 1 s/
ZL(x = 1) = + 0<(v0 - vl)exp[ — —81,; ) D + 0V
viforl —d=x=1

and 0 < 6 = O(e'"?).

Before we finish the proof of this theorem, we note that since the reduced solution is not
smooth along certain curves, we must supplement it with some interior layer terms. To simplify
our proof, we let IL(f + ax = b) be an interior layer of a solution with the form

wofort +ax = b,
Wix, t,e) = where a and b are constants, then
w fort+ax<bd



aw _ v,

IL(t + ax = b) = 172
( ax = b) O<£ an o

—|t + ax — b|
€Xp ——EI/T—

_ e
+ O(le — Wy exp[itg—?jcz—b)]> + 0(e"?),

dw/dn defined by [dw/dx, dw/dt] - [n,, n,], and n = [n, n,] is the outer unit normal to the
subdomain {(x, ¢): t + ax — b < 0} (cf. [T]).
For the case f(u, u,) = A(x,) and g # 0, the reduced V-equation

Vi = AUJV; + glx, U, UyV =0
has the solution V(x, t) = ¢,(x — {5 A(U(x(7), 7)) d7)[exp{—f§ g(x, Ulx, 1), U, (x, 1)) dt}] on
B_. ={(x,t) e B:ag(x,t) < 0} = B,

here the parabolic boundary B = {(0,1):0 <t < T}U{(x,00: 0= x = JU{(1,1):0 <t < T}
as in Section 2. However, for (x,¢) in B, U B,, where B, = {(x, f) € B: 0(x, ¢) = 0} and
B, = {(x, t) € B: g(x, t) > 0}, the solution V cannot satisfy the boundary data. By a similar
analysis, we expect a more complicated asymptotic behavior of solutions of system (1.1) as
¢ — 0% in this case. However, there are no explicit expressions for the solutions. A numerical
study for f(u, u,) = h(u,) and g # 0 will be given elsewhere.

5. COMPARISON AND CONCLUSION

To compare the asymptotic behavior of the time-dependent solution v of (MI) and (MII)
with the asymptotic solution v as ¢ = 0% of the steady-state system of (1.1), we summarize
the asymptotic behavior of the steady-state (time ¢ tends to infinity) solutions as ¢ — 0% in
Figs 5, 6 (cf. [5]). We then briefly summarize the results of the theorem (see Section 4) in
Table 1.

We note that the boundary layer behavior of the time-dependent solution v as ¢ = 0% of
(MI):

v(x, 1, ) = ¢2<x — j h(U(x(1), 1)) dr)[exp {—j g(x, Ux, 1), U,(x, 1) drﬂ

0 0
+ BL(x=0)+ BL(x=1)

is invariant under various boundary data v, it is quite different from the steady-state solution
showed in Fig. 5. However, we are able to determine the asymptotic behavior of the solutions
of (MII) according to the signs of the boundary data v, it is the same as its steady-state solution
of Model II. Moreover, under certain conditions and for large time, there are similar patterns
between the boundary and interior layer behavior of the solution of the time-dependent system
(MII) and its steady-state solution of Model IT as ¢ — 0*. Nevertheless, the process of the
transition from the unsteady-state to the steady-state must be very complicated, even though
the steady-state solution of (1.1) is stable with respect to all initial perturbations as ¢ — 0*
(cf. [5]). A numerical study may provide more information.



v— 0+ BL(0) + BL(1)

M

v = vo+ BL(1)

M)
vo
s ILA
vy + Buo) v E)—’ V] * (XO)
Fig. 5. Boundary value portrait for Model I: ¥” = v, ev” + h(u)v' = 0.
\p!
Yo
v— ¢ + BL(O) + SL(]) v — + 1LAxg)
vl
—— \IO

v - ¢ + BL(0) + BL(1)

v—c¢ + BL(1) + ZL(0)

Fig. 6. Boundary value portrait for Model II: #” = v, gv” + h(u')v' = 0.



Table 1.

1 1 v, (1 — ety

(a) For [ ¢,(x) sin(nnx) dx > 0, for all n, 2| ¢,(x)sin(nax)dx + . < 0:
o Jo nm

v

V*in Q2
v(x, t, &) = o + IL(L4, x = x*) + IL(x = x*, t = tg) + IL(L4, x = x¥® forvy, =0, v, = 0;
in Q,

vy in Qc

vx, t,e) = + IL(L2) + BL(x = 0) + BL(x =1,t < ¢)) for vy, <0, v, = 0;
Vin Qd

u(x,t,e) =V + IL(L1) + BL(x = 1) + BL(x = 0) for v, = 0, v, < 0;

v, in Qa
wx, t, &) = + IL(LY) + BL(x = 1) + BL(x =0, t < 1) forv, =0, v, = 0.
Vin Qb

1
(b) Ifg ¢,(x) sin(nnx) dx < 0 for each positive integer n, then:
[
V**in Q4
v(x, t, €) = o + IL(L4, x < Xxo) + IL(x = Xxo, t = t5) + IL(LS, x = X;) for v, = 0, v, = 0;
Vin

v, in Qc
vx, t,€) = + IL(L2) + SL(x = 0) for v, =0, v; = O
Vin Qd

vy in Qa
v(x, t,€) = + IL(L1) + ZL(x = 1) for vy =0, v; = 0.
Vin Qb

Conclusion

Singular perturbation theory and asymptotic analysis are used to describe the boundary and
interior layer behavior in the solutions of the system as the small positive parameter tends to
zero for a finite time. The asymptotic solutions as ¢ = 0" of the v-equation of (MI) only depend
on the initial data and it is supplemented by the boundary layer at both x = 0 and x = 1. The
asymptotic solutions as ¢ — 0% of (MII) can be obtained if [} ¢,(x) sin(n7x) dx do not change
sign for all positive integers n, or we know the signs of

1 —(nm)2t
2 j ¢,(x) sin(nnx) dx + w——i—)
0 (nm)
for some ¢t = ¢; (i = 0, 1) in [0, T'] for all n. The situations become much more complicated if
{5 ¢1(x) sin(nmx) dx has oscillations for some 7.

The reduced solutions V will oscillate if the partial derivative U, oscillates at x = Qor x = 1.
The author is studying these situations by using some numerical-asymptotic techniques and the
structure of the interior layer of the solutions of (1.1) will also be investigated.
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