i
< MSL
Ny Cleveland State University

EngagedScholarship@CSU

Mathematics Faculty Publications Mathematics and Statistics Department
1-1-1991

Refined Approximations of the Solutions of a Coupled System
with Turning Points

W. A. Harris
University of Southern California

S. Shao
Cleveland State University, s.shao@csuohio.edu

Follow this and additional works at: https://engagedscholarship.csuohio.edu/scimath_facpub

b Part of the Mathematics Commons
How does access to this work benefit you? Let us know!

Repository Citation

Harris, W. A. and Shao, S., "Refined Approximations of the Solutions of a Coupled System with Turning
Points" (1991). Mathematics Faculty Publications. 333.
https://engagedscholarship.csuohio.edu/scimath_facpub/333

This Article is brought to you for free and open access by the Mathematics and Statistics Department at
EngagedScholarship@CSU. It has been accepted for inclusion in Mathematics Faculty Publications by an
authorized administrator of EngagedScholarship@CSU. For more information, please contact
library.es@csuohio.edu.


https://engagedscholarship.csuohio.edu/
https://engagedscholarship.csuohio.edu/scimath_facpub
https://engagedscholarship.csuohio.edu/scimath
https://engagedscholarship.csuohio.edu/scimath_facpub?utm_source=engagedscholarship.csuohio.edu%2Fscimath_facpub%2F333&utm_medium=PDF&utm_campaign=PDFCoverPages
https://network.bepress.com/hgg/discipline/174?utm_source=engagedscholarship.csuohio.edu%2Fscimath_facpub%2F333&utm_medium=PDF&utm_campaign=PDFCoverPages
http://library.csuohio.edu/engaged/
https://engagedscholarship.csuohio.edu/scimath_facpub/333?utm_source=engagedscholarship.csuohio.edu%2Fscimath_facpub%2F333&utm_medium=PDF&utm_campaign=PDFCoverPages
mailto:library.es@csuohio.edu

Refined Approximations of the Solutions
of a Coupled System with Turning Points

W. A. Harris, JR. AND S. SHAO

DEDICATED TO HENRY ANTOSIEWICZ
ON THE OCCASION OF HIS 65TH BIRTHDAY

We present in this paper the asymptotic behavior of solutions of a boundary
value problem for a coupled system of differential equations u"=v,
ev” + flu, u')v' — g(x, u, w')v=0 on a compact interval I, where f(u, u') has turning
points in /. We provide upper and lower solutions, B(x, ¢) and «(x, ¢), respectively,
which bound solutions, exhibiting boundary layer and interior layer behavior, for
which lim, _ ¢+ { B(x, £) —a(x, €)} =0 uniformly on I.  © 1991 Academic Press, Inc.

1. INTRODUCTION

Consider the Dirichlet problem for the coupled system of differential
equations

u'=v in (0, 1),
u(0,£)=0, u(1,¢)=0,

(1.1)
ev” + f(u, u')v" — g(x, u, u' ) v=0 in (0, 1),

U(Oa £)=U0, U(l’ 8)=Ul’

for g(x, u, u')>0 and f(u, u') = h(u) or h(u'), where h(0)=0, and ¢ is small
positive parameter. We assume that for each ¢ > 0, there exists at most one
interior turning point x, in (0, 1) such that u(x,, ¢)=0. We also assume
that 0f/0u and df/0u’ do not change sign, and f(u, u’) and g(x, u, u’) are of
class C™V[0, 1]. System (1.1) was studied by Dorr and Parter [3,4] and
recently by Howes and Shao [8] and Shao [12] who extended and
amplified their results. This system is a simple model of the streamfunction-



vorticity equations governing the steady-state, two-dimensional, viscous,
incompressible flow as the Reynolds number Re — oo. That is,

VZ‘/’ = lpxx + lpyy = —w

1
—V2w+¢xwv_lpvwx=0
Re : :

(x, ) in G, ¥, w prescribed on the boundary of G, (1.2)

where y is the streamfunction of the flow, that is, ¥, =u, —y,=v, for u=
(u, v, 0) the velocity field of the flow, and G is a bounded, open connected
subset of R% The purpose of this paper is to provide refined approxima-
tions to the solutions of (1.1), which describe the limiting solutions, bound-
ary layer solutions, interior layer solutions, as well as the S-layer or Z-layer
solutions as ¢ > 0% which exhibits the thickness of the boundary layers.
Our refinements are in the spirit of Kirschvink [9] as refinements of
Howes [1, 5] for similar problems in the absence of turning points.

The contents of the various sections are as follows. In Section 2 we state
some preliminaries which include the limiting solutions of system (1.1)
(cf. [8,12]). In Sections 3-5 we discuss Model I: u”" =v, ev”" + h{(u)v' =0;
Model IT: u"=v, " +h(u)v'=0;, Model I "=yp, "+
hu)yv — g(x, u, u’Y)v=0, g= g*>0; and Model IV: u"=v, ev”" + h(v')v' —
gx,u, ) v=0,g=g*>0.

2. PRELIMINARIES

For convenience and simplification, we consider system (1.1} for the
following models:
Model I:  u"=v, 80" + h(u)v' =0;
Model II:  u" =v, ev" + h(u')v"=0;
Model III: " =v, ev” + h{u)v' — g(x, u, u')v=0, g= g*>0;
Model IV: u" =v, 0" + h(u')v' — g(x, u, w')p=0, g = g*>0.
The limiting behavior of solutions in of these models can be summarized
in Fig. 1-3.
M
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Fic. 1. Boundary value portrait for Model L.
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FiG. 2. Boundary value portrait for Model II.

Our treatment is through bounding functions and the generalized
Nagumo's Theorem (cf. [12, 13]). Clearly, Nagumo’s condition is satisfied,
so we only need to exhibit bounding functions «; and f; (i =1, 2) such that

o<p, i=12,

2(0,6) <0<B,(0,8),  ay(1,8)<O<By(L, ¢),
af = B, 1<y,

o5(0, &) < vy < f,(0, &), as(l, e) <o, < Py(1, ),
eas + flu, z)ab — g(x, u, z)o, 20,

eBs + f(u, z) B> — g(x, u, z) B, <0,

for all w in [a;, f,] and z in R. Then the system (1.1) has a (unique)
solution (u = u(x, ¢), v =v(x, ¢)) such that

al(x’ 8) < u(x’ I';) < ﬁl(xa 8)’
az(x, 8) S U(x5 8) < )BZ(xa B)a

for x in [0, 1] (the existence and uniqueness of the solution was proved by
Dorr and Parter [3]). We divide our discussion into four cases according
to the different signs of the boundary values v, and v, that is, (1) vy =0,

(2.1)

(2.2)

<

v

— N
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FiG. 3. Boundary value portrait of Model III and Model V.
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0,20; (2) v,<0, v, €0; (3) v,<0, v,>0; and (4) vo>0, v, <0, for each
model.

3. MopEL I: " =v, ev” + h(u)v' =0

Consider the following system:
u' =v in (0, 1),
u(0, e)=u(l,e)=0,
ev” + h(u)v' =0 in (0, 1),

v(0, &) =v,, (L, e)=v,.

(3.1)

We have the following theorem.

THEOREM 1. If (u(x, ¢), v(x, €)) is the solution of (3.1), then

(i) v(x, e)=vo+ (v, —1vy) exp k——(é)l/k (1 —x):l +0(e'?)

Jor voz20,0,20;

- k 1/2
(i) o(x, &)=v,+ (v, —vy) exp —(E) x]+0(£1/2)

Jor v,<0,v,<0;

(iii) o(x s)—{vo+wL(x~0(e),a)+0(s‘/2> if 0<x<xo,
P o+ wer(x+ 0(e), €)+ 0(e?) if xe<x<1,

Jor v,>0,v,<0;
(iv)  u(x, &) =w¥(x, &)+ wk(x, £) + O(&'?)
for vy<0,v,>0.
where wi(x,e) = vy exp[—(k/e)?(xo—x)] and wg(x,e) =
v, exp[ — (k/e)? (x — x)], for all x in [0, 1] and each &> 0.

Proof. We know that the wu(x, &) depends on v(x, &) and bounding
functions «, and §, (i=1, 2) must satisfy the following conditions:
(Al) aisﬁiizl’za
(A2) af =2 B,, i <0y,
(A3) ead +h(uw)ar=0,ef5 +h(u)pr <0, for all u in [a;, f,]
(B1) 2,(0,¢) <O<B4(0, ¢), oy(1, ) SO Bi(1, &),
(B2)  25(0, &) <wo < B2(0, &), ax(1, &) <vy < Bl ¢).



Without lost generality, we assume dh/du>0, and we divide the
discussion into the four cases indicated above.

Case 1. v,20,v,20.

Since (v4, v{)=1{(0, 0) implies (u(x, ), v(x, £))=(0, 0), we assume now
that (vg, v,) # (0, 0). The u-equation u” =v with the boundary conditions
u(0,e)=u(l,e)=0 gives u<0 in [0,1], u<0 in [, 1—5] for each
1>36>0 and so h(u)<0in [0,1], A(u) <0 in [J, 1 — 6. By virtue of the
linear case, the solution v(x, ¢) should display a boundary layer at x=1
and thus the outer solution of v is vy in this case. We define the bounding
functions «; and g, (i=1, 2):

oy(x, &)= (M +c*) x(x—1), Bl(x,s)='”x(’;‘1);
ar(x, &) =vg+ wy(x, ¢), Bo(x, &) =15+ wy(x, &),

where M = max{vy, v,}, m = min{ve, vy, (1/2) |v, ~ vl }, W; = wi(x, ¢)
(i=1, 2) are the unique solutions of the problems

k 1/2
swi’—kw1=cexp[—a<;) :l, xin (0, 1),

wi(0, &) = (v, — vo), lim w(x,&)=0
e—»0*%
and
k 172
swé’—kw2=—cexp[—a<z> ], xin (0, 1),
w2(05 8) = (Ul - UO)a lim w2(x: 8) = 07
e— 0%t
ie.
wy=w(x, g) —c*I'(x, &), wy=w(x, &)+ c*I'(x, &),

where

1/2
w(x,s)=|v1—vo|exp['<§> (1_x)], . L

I(x, £)=exp[—a (%)Uz (1 —x)}~cxp[—<§>l/2 (1 —x):l,

k, c*, and ¢ are positive constants such that



1/2
k:h(u)< —k<0in[3,1—5] for small 6 >0and 0 <k < —h(u) (l_c) ;
e

g 0<o<l, {a exp[(l —0) (%)l/z (1 —x)]}> 1
and {az exp [(1 —0a) (%)1/2 (1 —x)]} <1
c*: c* {exp[—a <§)1/2 (1 ——x)J—exp [—(%)1/2 (1 —x)]}

>w, |[w(x, &) — c*I(x, &)] < O(&'?).

It is clear that «; and §; (i=1, 2) satisfy conditions (A1), (B1), and (B2),
but we need to show that (A2) and (A3) are true. Since

k 1/2
a;'(x,e)=2M+2c*>v0+(v1—vo)exp[—(;) (l—x)]+c*r(x,s)
and
k 1/2
ﬁi’(x,3)=§<vo+(vl*vo)exp[‘(;) (1—x)]~c*r<x,e)

for all x in [0, 1], we have af = B, and B} < «,. Furthermore,
eoy + h(u)ay

=ew{ + h(u)w)

k l:w+c* {exp[—(%)m(l —x)] o exp[—(’f)w (1 —x>m
+ hw) (’;‘)m [w+C* {exp [—(f)/ ( -x)]
_aexp[—<l§>1/2 (1 —x)]}]zo,

efs + h(u) B’
=¢ew; + h(u)w,

we[rocfen{ -8 1= - &) "0
en (&) [orer foo| -0 (£) -]
ool ) - e



v \
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FiG. 4 v,20,0,>0.

by w>0, I'(x, ¢) >0. Thus from our definitions of the constants, we have
al(x’ E) s u(x7 8) < ﬁl(xa 8)

and
v(x, &) =vy+ (v, — vy) €Xp [—(%) " (1 —x)] + 0(e"?),

for all x in [0, 1] and each £> 0, where |v, —v,| exp[ —(k/e)* (1 —x)] is
the boundary layer solution at x =1. The thickness of the boundary layer
is of order &!/2. The refined approximation of the solution is shown by the
narrow region in Fig. 4.

Case 2. v,<0,0v,<0.

This case is handled by reflection. Making the change of variables
y=1—x, m(y,e)= —u(l—y,¢), n(y,e)= —v(l — y,¢), the system (3.1)
becomes

m’=n
m(0, e)=m(l,&)=0,
en” + h(m)n' =0,
n0,e)=ny= —v;,n(l,e)=n,= —p,,

provided v, >0 and v, >0, which is Case 1.

Case 3. v4>0,0v,<0.

We note that u(x, £) changes sign in (0, 1) in this case, and so does h(u).
Since u” =v, u(0, ) =u(1, £) =0, there exists a unique x, in (0, 1) such that
u(xo, 8)=0, u'(x,, £) #0, and hence A(u(x,, ¢)) =0 and v(x,, ¢)=0. Since
h(u) <0 in [0,x,] and A(u)>0 in [xo, 17; J[x]= {2 — h(u(x,, &)) ds =
[—h{u(xq, €)1(vg—0,)=0 iff x=x,, there must be an interior layer at



x=x, as e—>0"% in [0,1]. We approach this case by considering the
following submodel problems

and

"

u =v in (07 xO)a
u(0, e)=u(xq,e)=0,
e’ + h(u)v'=0 in (0, x¢),

v(0, &) =1y, v(xg, £)=0

"

u'=v in (xy, 1),
u(xy, e)=u(l, e)=0,
"+ h(u)v' =0 in (xg, 1),

U('xO’ 8):‘09 U(1,8)=Ul

(Vi1)

(V12)

separately. The conditions A(u) <0 in [0, xo] and A(u) =0 in [ x4, 1] imply
that there are boundary layers at x=x, in (V;1) and (V,1) respectively.
Choosing 6=0(¢) it follows from Cases 1 and 2 that v,(x,e)=vy+
wy(x, &)+ O(e'?) is the solution of system (V;1) and vg(x, ¢)=v,+
wr(x, €)+ O(e'?) is the solution of system (V;2), where w, and wy are the
unique solutions of the problems

and

WL(XO’ 8) =y,

we(xg, &)=,

ew] —kw, =0 xin (0, x,),

ewgr—kwg=0 x in (xq, 1),

lim w,(x,¢)=0,
£—>0%

lim wg(x, &)=0,
e— 0t

respectively; ie., w,(x,e)=uv,exp[—(k/e)"? (xo—x)] and wg(x, €)=
v, exp[ — (k/e)*? (x — x,4)]. Therefore, the solution v(x, &) of Model I in this

case has the form

v(x, £)={

0o+ w{x — O(e), &) + O(e'?)
v+ we(x + 0(e), &) + O(e'?)

if 0<x<x,,
if xo<x<1,

for each ¢>0. The location x, of the interior layer satisfies the integral

equation

0=f1 h(U(s))ds=roh(U(s))ds-i-fl WU(s)) ds,



v
|

FiG. 5. vy>0,v,<0.

where

U(x)={uox(x—x0)/2 for O<x<xq
—v (1 —x)(x—x0)/2 for xo<x<l,

(U(x)=lim, _, g+ u(x,¢)). If h(u)y=wu,x, is given explicitly by x,=
(=v)"*/((=v,)" + (vy)"?). The asymptotic solution v(x, £) is shown in
Fig. 5.

Case 4. v,<0,v,>0.

In this case u(x, ¢) also changes sign in (0, 1). However, there is no inte-
rior layer in (0, 1) because u(x, ¢) >0 near x=0 and u(x, ¢) <0 near x =1,
which implies the same behavior for A(u). It follows that there exists a
unique x, in (0, 1) such that A(u(x,)) =0, h(u) <0 in [0, x,] and A(u)=0
in [x,,1]. The signs of the coefficient A(u) of v’ allow a boundary layer at
both endpoints x =0 and x=1. We consider again the system (V;1) and
(V12) in Case 3 but with the opposite signs of the coefficient A(u) of the v’
term. We can conclude from Case 1 and Case 2 that

v(x, &) = w¥(x, &) + w(x, ) + 0(¢'?)

for all x in [0, 1] and for each ¢ >0, where

wi(x, &) =vy exp [—(%)1/2 x:l
wk(x, €)=, exp [—(%)1/2 (1 —x)].

and



4. THE SOLUTION OF MoDEL II: 1" =v, ev” + h(u')v' =0

We consider the problem
u'=v in (0, 1),
u(0,e)=u(l,e)=0,

. 4.1)
ev" +h(u')v'=0 in (0, 1),

v(0, &) = vy, v(l,e)=v,.

There is a fundamental difference between the systems (4.1) and (3.1)
because u'(x, e) always changes sign in (0, 1), even if u(x, &) does not
change sign. Thus there is at least one interior turning point x, in (0, 1)
such that h(u'(x,, €)) =0. Therefore, we have the following theorem.

THEOREM 2. Let (u(x, ), v(x, ¢)) be the solution of (4.1), then

vo+ wo(x — O(e), &) + O(e'?) if 0<x<x,,
v, +welx+ 0(g), &) + O(e'?) if xe<x<1,

(i) oo~

Jor v,=20,0,20;
(i) o(x,e)=c+w,(x, &) +wy(x,e)+0("?),  for v,<0,v,<0;
(i) v(x,e)=c+ SL(1)+BL(0) for v,<0,v,>0.
(iv) o(x,e)=¢+ZL(0)+ BL(1)  for vy>0,v, <0,

where  w,(x, €)= vo exp[ — (k/e)'? (xo—x)1,  wgl(x, &) =0, exp[ — (k/z)"*

(x - xO)]’ c = lime—>o+ U(X,E), wl(x, 8) = (UO - c) exp[_(k/s)l/2 'x]s
wy(x, £)= (v, —c) exp[ — (k/e)'* (1 — x)], k is defined as in Theorem 1, for
(iii) and (iv) ¢ =0 if vy +v,>0, c=(vo+v,)/2 if vo+ v, <O,

c+wpr(x—0(e), e)+O('?)  if &e)<x<xy,

SL(1)={01+WS(X+0(8), e)+0(e"?)  if x <x<l;
€)

vo+ wix—0(e), &) +0(e"?)  if 0<x<xs,

ZL(O)z{c+w§L(x+0(8),8)+0(81/2) i xa<xsn(e).

Proof. We examine the appropriate four cases reflecting the different
signs of the boundary values v, and v,.

Case 1. v,=20,v,20.

Because v,>0, v, >0, u” =v, and u(0, &) = u(1, &) =0 imply u(x, ¢) <0 in
(0, 1). This implies that there exists some x, in (0, 1) such that u'(x,)=0
and u'(x,e)<0 near x=0, while u'(x, &) >0 near x=1. It follows that
h(u'(x0))=0, A(x')<0 in [0, x,] and h(x')>0 in [x,, 1]. Consequently,



the sign of A(u') at each endpoint does not allow v(x, ¢) to have boundary
layers. The only possible asymptotic behavior available to v is then an inte-
rior layer behavior at the point x, in [0, 1]. By the same arguments in
Case 3 of Model I, we have

)= vo+w(x—0(), &)+ 0"  if 0<x<x,,
W% O =) fwax+ 0(e), £)+ 0(E?)  if xg<x<l,
where w,(x,&) = v, exp[—(k/e)'"?(xy — x)] and wel(x, &) =

vy exp[ —(k/e)"? (x —xo)]. To determine the location x, of the interior
layer, we let U(x)=Ilim,_ ¢+ u(x, &) for x+#x,. Then U(x) must satisfy
the following (five) conditions: U(0)=U(1)=0, U(xs)=U(x,) and
Uxf)=U'(x5)=0 (cf. [8]). Therefore we have

_ Dox(x —2x4)
SREEE
_oy(x = 1)(x+1—2x,)

Ux)= 7 for x=x,.

Finally, in order that U(x;)=U(x,), we must have —uvox5/2=
—0,(1 —x4)%/2; that is,

U(x)

for x<x,,

12
Uy

Xo=—5—5
o+l

(4.2)
(cf. [8]).

If v,=0, then xo=1, and v(x, ¢) has an interior layer at x=1 called an
“S-layer”. If v, =0, then x,=0, and there is a “Z-layer” (backwards
S-layer) at x=0.

Case 2. v,<0,v,<0.

This case is not a reflection of Case 1 as in Model I. If v, <0 and v, <0,
then u(x,e)>0in (0, 1), u'(x,e)>0 in [0, xo] and u'(x,€) <0 in [x,, 1]
for some point x, in (0, 1). The coefficient h(u') of v’ in the v-equation
behaves similarly. Consequently, the solution v(x, ¢) in the v-equation can-
not have an interior layer at x,. However, the sign of 4(u’) at the endpoints
is compatible with the existence of boundary layers in v(x, ¢). Hence,
v(x, e) =c+w;(x, &) + wy(x, &) + O(¢'/?), for all x in [0, 1] and for each
£> 0, where ¢ is a constant such that ¢ =1lim, o+ v(x, &),

wi(x, &)= (v, —¢)exp [ - (g)l/z x],
k 172
wz(x,s)=(vl—c)exp[—<z) (l—x)].

If {3 h(v') dx =0, then ¢ = (vy+v,)/2; cf. [8].
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FIG. 6. v3<0,0,>0.

Case 3. v,<0,v,>0.

We note that u> 0 near x =0 and « <0 near x = 1 in this case. It follows
that #'>0 near both endpoints and u'(x,, ¢)=0 for some x, in (0, 1),
which implies that A(u') >0 near both endpoints. Hence, v(x, &) has no
interior layer in (0, 1), and the sign of A(u’) near x =0 allows v(x, ¢) to
have a boundary layer at x=0 and o(x, ¢) has an S-layer near x=1
(cf. [12]); that is, v(x, e)=¢c+ BL(0)+ SL(1) as shown in Fig. 6 (where
lim, g+ v(x,6)=¢<0, ¢e=0if vo+v,>0, and e = (vy+v,)/2 if vo+v,<0;
these results can be found in [8, 12]). The condition v, + v, >0 says that
v, >|vyl, and so there exists a unique point &(¢) in (0, 1) such that
u"(x,e)<0 for 0K x<é&(e), u'(x,e)=0 and u"(x,¢)>0 for {(e)<x<],
with £(e)—>1 as e»0"; cf. Fig. 7. Slightly to the left of £ v»”">0 and
h(u')<0; at x=¢, v"(£,¢)=0 and h(u'(£¢))=0; and to the right of
&, h(u') >0 near x = 1. Suppose v, + v, <0, then there exists a unique point
n=7(¢) in (0, 1) such that u”(x, ¢) <0 in [0, #(¢)), u"(n, €))=0 and u”" >0
in ((e), 1] with n(¢) >0 as ¢ > 0™ ; cf. Fig. 8. We can determine the thick-
ness of the boundary layer in the following manner. In the boundary layer
at x=0, " >01n [0, 5(¢)), v"(#, ) =0 and v" < 0 for x slightly to the right
of n. In turn, we see that A(x')> 0 in [0, n(¢)), A(u'(n, ¢))=0 and A(x') <0
for x slightly to the right of . We conclude that the limiting value ¢ of
v(x, ¢) must be nonpositive. We consider the problems

u' =, u(0, e)=0=u(&(e), ¢), x in (0, &(¢g)), (VB)
ev” + h(u')v' =0, v(&(e), €) = v¥, v(0, &) =, xin (0, &(8)),

\ X
EeT 1

FIiGURE 7



0 n(e) — 1

FIGURE 8

and
u' =v, u(&(e), e)=0=1u(1, ¢) x in (0, &(&)), (VI)
e +h(W)r' =0,  o(Ee)e)=v,  o(le)=v,, xin (0, &e)).

From the results of Casel and Case2, we have v(x,¢)=
¢+ SL(1)+ BL(0); e,

C+wax, 8)+ wapl(x—0(e), &)+ O(e'?)  if 0<x<xy,
v, +wg(x+ 0(e), e) + 0(e'?) if x,<x<1,
(4.3)

v(x, s)={

where x, in (&(g), 1) such that A(u'(x,, €}))=0, and where wg,;, wgzg, and
wy are the unique solutions of the problems

ewp, —h(u'(0,8)) wp, =0,  xin (0, (&),

wp (0, ) =vy—c, liIBL war(x, g)=0,
el

ewpr —h(u'(S(e), &) wpr=0  xin (&(e), x,),

wer(E(e), g) =c¢, lim wge(x, ) =0,
g0t

and

ews—h(u'(x,+8,8) ws=0  xin (x,, 1),

wg(xy, €)=vy, lirg+ we(x, £)=0,
¢

where ¢=0 if vo+v,>0, ¢e=(vg+v,)/2 if vo+v,<0 and 5=0(¢). The
S-layer solution is

¢+ wpr(x — O(g), £) + O(e'?) if &(e)<x<x,,

L(1)=
SL) {UI+WS(X+O(8),8)+O(81/2) if x, <x<L.



Case 4. v,>0,v,<0.
This case is a reflection of that obseved in the previous case with a
“Z-layer” at x = 0. Making the changes of variables

r=1-x, a(r,e)=u(l —r,¢), b(r,e)=v(l —r,¢g),
(0, e)=1u(1, £)=0,
6(0’£)=ﬁ0= Uy, ﬁ(l’g)zﬁlz —Vg,

by the same arguments in Case 3 we have v(x, ¢) =c+ ZL(0) + BL(1); i.e,

o(x 8)_{vo+w§‘(x—0(a), g)+ O(e'?) if 0<x<x,,
T Ve F whi(x+0(e), ) + whlx, 6) + 0" if x,<x<l,
(4.4)

where w¥;, wkg, and w¥ are the unique solutions of the problems

ews —h(u'(n(e), ) wh. =0, xin (0, n(e)),

whi(n(e) e)=¢,  lim wj(x, )=0,

ewir—h(u'(1,8)) whe=0  xin(n(e), 1),
wir(l, e)=v;—c, lim w¥g(x, &)=0,
g~0%
and
ew¥ —h(u' (x,— 0, e)wE=0 xin (0, x,),

w¥(x,, &) =0, linol+ w¥(x, ) =0,
E—

where lim, _ o+ v(x,e)=c in [d* 1—0], ¢=0if vo+0v,>0, c=(vo+v,)/2
if vo+v, <0 and if f§ A(u') dx =0, 6*, 6 = O(e). The Z-layer solution is

vo+ w¥(x —0(e), &) + O(e'?) if 0<x<x,,

ZL(0)={c+w}5L(x+0(s), g)+0(e?) il x;<x<nle)

5. SoLUTIONS OF MODEL III:
u' =v, 0"+ h(u)v' — gx, u, ') v=0,g=>g*>0
AND MODEL 1V:
"=v, 0" +h(u)v — g(x,u, ' )o=0,g=2g*>0

We consider in this section the system (1.1) in which g> g* >0, for g*
a constant,



u” =0 in (0, 1)7

u(0,e)=u(1,¢)=0,
(5.1)
e+ flu, ')’ — g(x, u, ' )v=0 in (0, 1),

v(0, &) =1, v(l, e)=v,,

where f(u, u')=h(u) or h(v'),dh/dz>0 or dh/dz<0, and g(x,u,u')e
C'[0, 1] x R% The condition g(x, u, u’) > g* > 0 forces the reduced form of
the v-equation of (5.1) to have only the zero solution v=0 in (0, 1) for all
the boundary values v, and v,; cf. [3, 12]. The asymptotic behavior of
solution v(x, ¢) cannot have an interior layer in the interval (0, 1). There-
fore, we have the following theorem.

THEOREM 3. If (u(x, ¢), v(x, &)) is the solution of (5.1), then

g* 1/2 *\ 1/2
v(x,s)=voexp|:—<?> x}+vlexp[—(g?> (I—x)]-f-O(g”z),

for all x in [0,1] and each &> 0.

Proof. We will construct the bounding functions «;, and g, (i=1,2)
such that

(Al) a;<B,,i=1,2,

(BL) a,(0,&) <0< B,(0, &), (1, ) SO By(1, ¢),
(A2) af>p,, Bi<ay,

(B2)  25(0, &) v < B2(0, ), aa(1, &) <, < Bo(1, ),

(A3) Sag+f(u’z)aé—g(x’u’z)aZZO’ 8ﬂ§'+f(u,z)ﬂ'2—g(X,u,Z)ﬂ2
<0, forall uin [«,, f,] and ze R.

Again, we divide our discussion into three cases for the different signs of
the boundary values vy, v, for each of the following models:

w'=v in (0, 1),
u(0,e)=u(l,£)=0,

(I11)
ev” + h(uw)v' — g(x, u, ' )o=0 in (0, 1),

v(0, &) =1,, v(l, e)=v,,



and
u' =v in (0, 1),
u(0,e)=u(l, &)=0,
ev” +h(u')v — g(x, u,u')v=0 in (0, 1),

v(0, &) =y, v(1, &) =v;.

Without lost generality, we assume that dh/dz > 0.
(I) Model IIL

Case 1. vy=20,v,=0.
Since u(x, ¢)<0 in [0, 1] for v,>0 and v, 20 and lim,_ o+ v(x, £)=0,
we define, for 0<x <1 and ¢>0,

(6 = (0 + o)), () =0,

%\ 1/2 %)\ 1/2
az(x,8)=voexp[——<%> / x:l+vlexp|:——<g—8—> / (l—x)]

~cifl(x, &) —cFI5(x, &)

Ba(x, &) =1, exp[—(‘%)l/z x] + 0, exp[—(%)m (1 —x)J,

where cf¥ and ¢} are positive constants to be determined, I'j(x, )=
exp[ —o,(k/e)"” x]—exp[ —(k/e)'”* x], [a(x, &) =exp[ —o,(k/e)'”* (1= x)]
—exp[ —(k/e)"*(1 —x)],0, (i=1,2) are constants such that 0<o,<1,
with {1/a7exp[(a,—1)(k/e)"*x]}>1 and {s,exp[(1—a)(k/e)"*(1—x)]1}
>0, k: h(u) < —k<0in [, 1 —&] for small 6 >0, and 0 < k < —h(u)(k/e)"~
Then it follows that (A1), (B1), and (B2) are satisfied. Since #(0) =0, that
is, h(f,)=0, it follows that

eBz +h(B1)B— g(x, u, u') B,

g* 172 g* 1/2
< g*v, exp[—<?> x]+g*v1 exp[~<~;) (1 —x)]
*\ 172 *\ 172
— g*vq exp[—(‘%) x:I_g*vl exp[—(%) (1 —x)]:();

af(x, &)= (v; +vo) = f>; pi=0=uay;

and



eas + h(u)as — g(x, u, u')a,

sral (5] s on[ ) 0]
—e(ef ' —c3Ty)
() o[ 5"
el ()" e )
N [ S
o[- a0
e[ )"
e (£ (]|t et

=(g*—g)voexp [—(%)1/2 X]
s -(£)" 0= -t ool ()"
cenl )"} (3 -]

(2] P[5
e a8 o[-
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et[oremper(5) 0
RRORE
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we choose g* such that (g—g*) is small, ¢} small enough such
that voexp[—(g*/e)'?x]>c¥I,,c¥ large enough such that
vy exp[—(g*/e)"* (1 —x)]<c#l,, and  |v,exp[ —(g*/e)"* (1—x)]—
e}l <vgexp[ —(g*/e)'? x] —c¥rI',. Therefore, (A2) and (A3) are true,
and it follows that

v(x, €)= v, exp [ - (‘%*)1/2 x]
g* 1/2
+v, exp[—(:) (1—x)]+0(e”2)

in [0, 1] for each ¢> 0.

Case 2. v,<0,v,<0.
This case is again handled by reflection. Making the change of variables
as in Case 2 of Model I, we have

m'=n
m(0, ¢) =m(1, &) =0,
en” +h(m)n’' =0,
n(0,¢)=ng= —v,,n(l,e)=n, = —v,,
provided v,>0 and v, > 0. This the Case 1 of Model IIL

Case 3. vyv, <0.

In a similar manner, since u(x, ¢) changes sign in either case, there exists
a unique interior turning point x, in (0, 1) such that u(x,, ¢) =0, which
implies that A(u(x,, ¢)) =0 and v(x,, ¢) =0. We consider the system

"

u'=v in (0, xo),

M(O, 8)= “(xo’ 8) =0;

" + h(u)v' — g(x, u, ' )v=0 in (0, x,), (T
v(0, &) =1y, v(xg, &) =0*
and
u'=v in (x,, 1),
u(xq, e)=u(l, g)=0, (T2)

ev” + h(u)v' — g(x, u, ' )v=0 in (x,, 1),

v(xo, 8)=v¥,  v(l,&)=v,.



Since v* =v(x,, &) =0 and outer solutions of systems (T1) and (T2) are
zero, it follows that there are boundary layers at x=0 and x=1 respec-
tively from the result of Case 1 and Case 2. Therefore, we have the same
form of the result as in Case 1 and Case 2.

(I1). Model 1V.

Since outer solution of system (IV) is the trivial solution, the asymptotic
behavior of the solution v(x, &) of the coupled system (5.1) in this case is
not as complicated as in Models I and II. In fact, 4" =v,v,>0 and v, >0
imply u(x, £) <0. It follows that ¥’ <0 near x=0 and ' >0 near x =1, and
thus (') <0 in (0, x¥), h(u'(x¥, €))=0 and h(u')>0[x&, 1] for some xg
in (0, 1). By the same arguments as in Case 3 of Model (III), we have

g* 1/2 g* 1/2
v(x,e)=voexp[—<—8—> x]+v,exp|:—<?> (1—x)]+0(£1/2).

For v,<0, v, <0, this case is a reflection of the case: v,=0, v,20. If we
consider the asymptotic behavior as ¢ = 0* of the solution v(x, &) of (5.1)
in the subintervals [0, x,] and [x,, 1] separately for vov, <0, the previous
results can be applied in order to obtain the stated result.

6. REMARK

From our constructions of the bounding functions «; and §; (i=1, 2)
which provide refined approximations to the solutions of system (1.1), we
see that similar results can be obtained for more general second-order
singularly perturbed scalar and vector problems of the form
ey’ =f(t, )y + g(t, ¥), v(a)= A, y(b)=B when f(1, y) has zeros in the
interval [q, b].
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